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Abstract

This manuscript consists of two parts. In the first part, we study generalizations of
modular curves: triangular modular curves. These curves have played an important
role in recent developments in number theory, particularly concerning hypergeometric
abelian varieties and approaches to solving generalized Fermat equations. We pro-
vide a new result that shows that there are only finitely many Borel-type triangular
modular curves of any fixed genus, and we present an algorithm to list all such curves
of a given genus.

In the second part of the manuscript, we explore the problem of computing the set
of rational points on a smooth, projective, geometrically irreducible curve of genus
g > 1 over Q. We study the geometric quadratic Chabauty method, which is an
effective method for producing a finite set of p-adic points containing the rational
points of the curve. This method is due Edixhoven and Lido [36]. We overview the
method and discuss explicit algorithms for finding rational points. We also present a

comparison is with the classical (cohomological) quadratic Chabauty method.
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Chapter 1

Introduction

This manuscript consists of two parts. In both parts, we study curves and rational
points.

The first part of this thesis consists of joint work with John Voight. The main
results from chapters 3 and 4 are published in [35], and chapter 5 contains new results.
The second part of this thesis is joint work with Sachi Hashimoto and Pim Spelier

that can be found in the preprint [32].

Section 1.1

Triangular modular curves

Modular curves are of immense significance in arithmetic geometry. They have been
the focus of extensive research for over a century and have played a crucial role in
understanding elliptic curves and solutions to Diophantine equations. In this first part
of the thesis, we study generalizations of modular curves called triangular modular
curves. These curves are quotients of the (completed) complex upper-half plane

by congruence subgroups of triangle groups in the sense of Clark—Voight; note the



1.1 TRIANGULAR MODULAR CURVES

corresponding groups, in general, are not arithmetic. In particular, we focus on
classifying triangular modular curves by genus and enumerating the ones with low
genus. One of the primary motivations for this work is that the study of triangular
modular curves has the potential to contribute to the field of arithmetic geometry,

similar to classical modular curves.

Low genus problems

For an integer N > 1, let I'o(N),I';(N) < SLy(Z) be the usual congruence sub-
groups and let Xo(NN), X;(N) be the corresponding quotients of the completed upper
half-plane. The genera of Xo(N) and X;(N) as compact Riemann surfaces can be
computed using the Riemann—Hurwitz formula [31, p. 66], and it can readily be seen
that there are only finitely many of any given genus g > 0.

The study of modular curves of small genus goes back at least to Fricke [39,
p. 357]. At the end of the twentieth century, Ogg enumerated and studied elliptic [57]
and hyperelliptic [59] modular curves; the resulting Diophantine study [58] informed
Mazur’s classification of rational isogenies of elliptic curves [53], where the curves
of genus 0 are precisely the ones with infinitely many rational points. This explicit
study continues today, extended to include all quotients of the upper half-plane by
congruence subgroups of SLy(7Z); the list up to genus 24 was computed by Cummins—
Pauli [28]. Recent papers have studied curves with infinitely many rational points
in the context of Mazur’s Program B—see Rouse-Sutherland—Zureick-Brown [61] for
further references and recent results in this direction.

Given this rich backdrop, it is worthwhile to pursue generalizations. For example,
replacing SLo(Z) with its quaternionic cousins, Voight [72] enumerated all Shimura

curves of the form X} (D,9M) of genus at most 2. In a similar direction, Long—
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Maclachlan—Reid [49] enumerated all maximal arithmetic Fuchsian groups of genus 0
over Q. These groups correspond to quotients of Shimura curves by the full group of

Atkin—Lehner involutions.

Setup

Let a,b, ¢ € Zss U {oco} and define

1 1 1
bc)i=—+-4+-—1
x(a,b,c) PN

so that x(a, b, ¢)m measures the difference from 7 of the sum of the angles of a triangle
with angles 7/a, /b, w/c. If x(a,b,c) > 0, then such a triangle is drawn on the sphere
or Euclidean plane, and these are very classical. Otherwise, we have x(a, b, c) < 0, and
we say that the triple (a, b, ¢) is hyperbolic, as then the triangle lies in the (completed)
upper half-plane H. We focus on the hyperbolic case. Let A(a, b, c) < PSLy(R) be the
subgroup of orientation-preserving isometries of the group generated by reflections in

the sides of the triangle described above. Then A(a, b, c) can be presented as
Ala,b,c) = (64,0, 0. | 0% = 6 = 65 = 6,640, = 1),

where d, corresponds to a counterclockwise rotation at the vertex with angle 27 /s.
Because of the associated map A(a,b,c) — PSLy(R), the group A(a,b,c) acts
by isometries on H. Then we define the triangular modular curve X(a,b,c) as the
quotient of H by the action of A(a,b,c) as above. In more generality, a triangular
modular curve is the quotient of H by a congruence subgroup of A(a, b, ¢) as follows.

The first step is to define level structure. For s € Zso U {00}, let (; 1= exp(27i/s)
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and let A\ 1= (s + 1/¢; = 2cos(2n/s), with (., = 1 and A, = 2 by convention.
Let E = E(a,b,c) := Q(Ag, Ao, A, AagAapAae) be the invariant trace field. For every

nonzero ideal M of Zg not dividing 2abc, there is a homomorphism

wm : A(a, b, ¢) = PGLy(Zg/N).

Intuitively, this homomorphism can be thought of as reducing matrix entries modulo
N, but it has a rigorous quaternionic interpretation. If the image of the generators of
A(a,b,c) has orders (a/,V', ') # (a,b,c), then wy factors through A(a’, ¥, ). This
isomorphism is the reason why we only focus on admissible triples (a,b,c) for M,
triples such that the order of the image of the generators under wy are exactly a, b,
and c.

We define I'(a, b, ¢;N) := ker my as the principal congruence subgroup of level N
and

X(a,b,c;N) :=T(a,b,c; N)\H

as the principal triangular modular curve of level 1. Following the analogy with
classical modular curves, we also consider quotients of H by subgroups I'y(a, b, ¢;N)
and I'i(a, b, c;N) coming from upper-triangular matrices. These quotients give rise
to the Borel-type triangular modular curves Xo(a,b,c;N) and X;(a,b,c;N). These
are the main objects of study in this part of the thesis.

Some interesting features of triangular modular curves are the following. There are
only finitely many arithmetic triangle groups [69, 68]. Hence, most triangular modular
curves are not arithmetic, falling outside the Langlands program’s scope. The Galois

group and field of definition of these curves is characterized in [21], following the work
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of Macbeath [50]. It turns out that, triangular modular curves are not necessarily

defined over Q [21, Theorem B].

Main result

In [21], Clark and Voight study the existence, construction, and properties of trian-
gular modular curves. We build upon this work and show there are finitely many
Borel-type triangular modular curves of any fixed genus. The main theorem is as

follows.

Theorem A (Theorem 5.6.1). For any g € Zxq there are finitely many triangular
modular curves Xo(a, b, c;N) and X1(a,b, c;N) of genus g with nontrivial admissible

level . Moreover, we present an algorithm to list all such curves of a given genus.

We implemented the algorithm presented in Theorem A in Magma [17]; the code
is available online [34].

We run this algorithm to enumerate all triangular modular curves Xy(a, b, c; D)
and X (a, b, c;N) of genus ¢ with nontrivial admissible level M of genus 0, 1, and 2.
The list in computer-readable format with additional data can be found in [34]. For
the list with ¢ = 0,1 and prime level, see appendix A.

The number of curves of genus at most 2 are as follows:

genus

Xo(a,b, ;M) || 76 | 268 | 485

Xi(a,bye; M) | 71 9 | 13
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Applications

Our theorem has potential applications in arithmetic geometry analogous to classical
modular curves. Just as the quotient of the upper half-plane by PSLy(Z) is the set
of complex points of the moduli space of elliptic curves (parametrized by the affine
j-line), Cohen-Wolfart [22, section 3.3] and Archinard [1] showed that the curves
X(a,b,c) over C naturally parametrize hypergeometric abelian varieties, certain Prym
varieties of cyclic covers of P! branched over < 4 points.

More generally, in the same way as classical modular curves parametrize ellip-
tic curves equipped with level structure, triangular modular curves parametrize hy-
pergeometric abelian varieties equipped with level structure: see upcoming work of
Kucharczyk—Voight [47]. In this light, our work classifies those situations where we
might parametrize infinitely many such varieties with (nontrivial Borel-type) level
structure.

As a final possible Diophantine application, we recall the work of Darmon [29]: he
provides a dictionary between finite index subgroups of the triangle group A(a,b, c)
and approaches to solve the generalized Fermat equation 2 4+ ¢° 4+ 2¢ = 0. From this
vantage point, the triangular modular curves of low genus “explain” situations where

the associated mod D1 Galois representations are reducible.

Future work

In future work, we plan to compute equations for these curves (as Belyi maps) us-
ing the methods of Klug-Musty—Schiavone-Voight [45] and then study their rational
points. Even without these equations, we have verified that all but a handful of the
genus zero curves necessarily have a ramified rational point (hence are isomorphic to

P! over any field of definition).
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To conclude, we peek ahead to more general triangular modular curves, allowing
other congruence subgroups I' < I'(a, b, ¢; M) (prescribing other possible images of the
corresponding Galois representations). For the case A = PSLy(Z), the story is a long
and beautiful one, originating with a conjecture of Rademacher that there are only
finitely many genus 0 congruence subgroups of PSLy(Z). Thompson [70] proved this
for any genus g. The list of Cummins-Pauli for curves of up to genus 24 relies upon
intricate and delicate p-adic methods of Cox—Parry [27] for an explicit bound on the
level in terms of the genus. We propose the following conjecture, which predicts a

similar result for triangular modular curves.

Conjecture B. For all g € Z>y, there are only finitely many admissible triangular

modular curves of genus g.

We consider our main result (Theorem A) as partial progress towards this conjec-
ture. The Borel-type subgroups are the family with the smallest growing index, thus
likely to have the smallest genera. It would be interesting to see if the rather delicate
p-adic methods of Cox—Parry can be generalized from PSLy(Z/NZ) to groups of the

form PXLo(Zg /M), as this would imply Conjecture B effectively.

Organization

We start in chapter 2 by introducing triangle groups, their relation with quaternion
algebras, and the definition of congruence subgroups of triangle groups. This chapter
concludes with the first encounter with triangular modular curves. In chapter 3, we
focus on the definitions of Borel-type congruence subgroups for triangular modular
curves of prime level. We prove Proposition 3.2.6, where we define the relevant ma-

trix representation of A, and Theorem 3.3.1, describing its image building on work
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of Clark—Voight [21]. Moving on to chapter 4, we present some of the main building
blocks of our work. We prove Theorem 4.2.4, which uses Riemann-Hurwitz to explic-
itly compute the genus of the triangular modular curves Xy(a,b, c;p) for p a prime
ideal. Then we can show that there are finitely many admissible curves Xy(a, b, ¢; p)
of bounded genus for any g > 0 in Corollary 4.4.6 and present an algorithm to enu-
merate them in Algorithm 4.5.2. We use these ideas to show similar results for curves
Xi(a,b,c;p). Finally, chapter 5 generalizes the results of the previous chapters to
curves Xo(a,b, ;M) and X;(a, b, c;MN) of composite level, and it ends with the proof

of Theorem A in section 5.6.

Section 1.2

Geometric quadratic Chabauty

Let Xg be a smooth, projective, geometrically irreducible curve of genus g > 1 over
Q. The problem of describing Xo(Q), the set of rational points of Xg, has fascinated
mathematicians for centuries. Mordell’s famous conjecture states that for g > 1, the
set Xo(Q) is finite. In [38], Faltings proves this conjecture and the result is known
as Faltings’s theorem. However, Faltings’s theorem is not effective, meaning it does
not give a method to determine the set of rational points. In this part of the thesis,
we focus on studying the geometric quadratic Chabauty method [36]. This algebro-
geometric method describes the rational points on curves with specific properties (as

explained below).
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Computing (finite) sets of rational points

There is still an ongoing effort to find explicit methods to compute the finite set
Xo(Q) when g > 1. Chabauty’s theorem [20] gives a finiteness result for Xg(Q) on
certain curves by using p-adic analysis. This was made effective by Coleman [23]
through the development of Coleman integration; he gave a method to find p-adic
power series that vanish on a superset of Xq(Q) for the curves Chabauty considered.
This breakthrough is the starting point for the Chabauty—Kim program [44] of p-adic
methods for proving the finiteness of Xg(Q) generalizing Chabauty and Coleman’s
method. The quadratic Chabauty method [7, 9, 10, 36, 13] is an effective instance of
the Chabauty—Kim method, first developed by Balakrishnan and Dogra, for studying

the rational points of Xg.

Quadratic Chabauty

Let Jg be the Jacobian of Xg, with Mordell-Weil rank r and Néron-Severi rank
p = rkNS(Jg) > 1. Let p > 2 be a prime, not necessarily of good reduction for
Xgp. Quadratic Chabauty is an effective p-adic method for producing a finite set of
p-adic points containing the rational points of Xg. There are several approaches to
the quadratic Chabauty method. The (original) cohomological quadratic Chabauty
method [9, 10] studies Xg(Q) using p-adic height functions and works in certain
Selmer varieties (for p of good reduction). This method is effective when g = r and
has been applied to determine the rational points on many modular curves [2, 11],
including the cursed curve [3], a famously difficult problem. The geometric quadratic
Chabauty method [36] is an algebro-geometric method for quadratic Chabauty, which
can be applied when r < g+ p—1. The computations take place in G, !-torsors over

JTo.
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Main results

We compare the geometric and cohomological methods for quadratic Chabauty in the

cases where both methods can be applied. We prove the following theorem.

Theorem C (Comparison Theorem (Theorem 8.2.5)). Assume that p is a prime of
good reduction for Xq. Assume thatr = g, p > 1, and furthermore the p-adic closure
Jo(Q) is finite index in Jo(Q,). Assume there exists a rational base point b € Xg(Q).
Let Xo(Qp)con be the finite set of p-adic points defined under these assumptions in
[9, Theorem 1.2]. Let Xo(Zy)ceo be the finite set of p-adic points obtained with the

geometric Chabauty method. Then we have the inclusions

X0(Q) € Xo(Zyp)aeo € Xo(Qp)con € Xo(Qy),

and we can explicitly characterize Xo(Qp)con \ Xo(Zp)Geo-

In [41], Hashimoto and Spelier show that the classical Chabauty-Coleman method
[24] and the geometric linear Chabauty method [63] are related by a similar compar-

ison theorem.

Description of the method

The geometric quadratic Chabauty method studies the Poincaré torsor, the universal
G,,-biextension over Jgp X Jg. By pulling back the Poincaré torsor by a nontrivial
trace zero morphism f : Jg — Jgp, we can construct a nontrivial torsor 1" over the
Néron model of Jg whose restriction to Xgq is trivial. This allows us to embed Xg
into T through a section. The idea of the geometric quadratic Chabauty method is
to intersect the image of the integer points on a regular model of X with the p-adic

closure of the integer points 7'(Z). This intersection contains Xg(Q).

10



1.2 GEOMETRIC QUADRATIC CHABAUTY

Suppose that p is a prime of good reduction for Xq. We give new algorithms for
geometric quadratic Chabauty that work mainly in the trivial biextension Qf x Qf x
Q,. Working on the trivial biextension translates the geometric quadratic Chabauty
method into the language of Coleman-Gross heights [25] and Coleman integrals [23].
The main contribution of this paper is to explicitly give this translation into the
language of heights and Coleman integrals. This translation allows us to prove the
comparison theorem between the cohomological quadratic Chabauty method and the
geometric quadratic Chabauty method. We also give an algorithm to compute the
local heights away from p associated with the curve Xg. These heights are also studied
in [15].

We further leverage the language of p-adic heights to compute the embedding of
X into T" and the integer points m as convergent power series. Then determining
up to finite p-adic precision, a finite set containing Xo(Q) reduces to solving simple
polynomial equations. Theoretically, by working modulo p* for large enough k € N,

the geometric quadratic Chabauty method will always produce a finite set of p-adic

points with precision k& containing X (Q).

Algorithms and example

In this manuscript, we also describe algorithms for finding the finite set of p-adic points
obtained by applying the geometric quadratic Chabauty method. These algorithms
are practical when Xg is a hyperelliptic curve. Our Magma [17] code implementing
these algorithms can be found in [33].

Finally, we present an example of our new method applied to the modular curve
Xo(67)" and a trace zero endomorphism f arising from the Hecke operator T,. Even

though the rational points on this curve have already been determined [2], this pro-

11
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vides a new way of analyzing the set of rational points and comparing both methods.

Organization

In chapter 6, we provide background on the Poincaré torsor and its realizations. Then
in chapter 7, we give an algorithm to construct the unique line bundle associated with
the endomorphism f from a divisor in U x X satisfying specific properties described
in Lemma 7.1.3. Using this line bundle, we write a formula for the trivializing section
ij: U — T. We give an algorithm for computing the convergent power series describ-
ing the embedding of a residue disk of the curve into the biextension N in section 7.2.
In section 7.3, we give formulas for computing integer points in the biextension N
that are the image of generating sections of certain residue disks of M.

In chapter 8, we tie everything together. In section 8.1, we present the algorithm
for geometric quadratic Chabauty in a residue disk U(Z)p. The comparison theorem
appears in section 8.2. Theorem 8.2.5 states that the finite set of points found by the
cohomological quadratic Chabauty method is a superset of the points found by the
geometric method and gives an explicit description of the points in their difference.
Finally, section 8.3 shows a worked example of the algorithms applied to the curve

Xo(67)*.

12
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Chapter 2

Preliminaries

This chapter presents basic definitions related to triangle groups, principal congruence
subgroups, and their associated quaternion algebras. We build upon this theory to
arrive at our first encounter with triangular modular curves in section 2.4. We base
this introduction on the work of Clark and Voight from [21]. We expand on joint
work with John Voight, published in [35].

Section 2.1

Triangle groups

Let a,b,c € Z>y U {oo}. Then consider a triangle with angles 7/a, 7/b, and 7/c.
This triangle can be drawn on the Euclidean plane, sphere, or hyperbolic plane,
depending on the values of a, b, and c¢. The triangle group A(a, b, ¢) is the subgroup
of orientation-preserving isometries of the group generated by reflections in the sides
of the triangle described above, drawn in the appropriate geometry. Then we have a

presentation

A(a,b, c) = (84, 6,00 | 6% = 00 = 0° = 5abp0, = 1). (2.1.1)

14



2.1 TRIANGLE GROUPS

2b

0

Za

Figure 2.1: Triangle group (a, b, ¢) generated by d,, dy, d. (from [46, Figure 1]).

where J5 corresponds to a counterclockwise rotation at the vertex with angle 27 /s. In
Figure 2.1, we see what these generators correspond to for a triangle in the hyperbolic

plane.

Ezample 2.1.2. The triangle group A(2, 3, 3) is isomorphic to the symmetry group of

the tetrahedron since these groups are both isomorphic to Ay.

Ezample 2.1.3. The triangle group A(2,3,00) is isomorphic to PSLy(Z). Indeed, it is

a classical result that PSLy(Z) is generated by the elements

(see for example [74, Lemma 35.1.12]). We note that the order of ST is 3 and that

S(ST)T = I, so we can choose 0o = S, 93 = (ST'), and d, = T.

By cyclic permutation and inversion [21, Remark 2.2], we can reorganize the gen-

erators and suppose without loss of generality that

a<b<e. (2.1.4)

15



2.1 TRIANGLE GROUPS

All of the triples (a,b,c) € (Z U {oo})? that we consider in this manuscript are such
that a < b <e.

To decide on the appropriate geometry of the triangle, we let

1 1 1
x(a,b,c) = E+E+E_1 (2.1.5)

so that x(a,b, c)m measures difference from 7 of the sum of the angles of a triangle
with angles 7/a, /b, w/c. If x(a,b,c) < 0, then such a triangle is drawn on the sphere
and if x(a, b, c) = 0, then the triangle is drawn on the Euclidean plane; these are very
classical. Otherwise, x(a,b,c) < 0 and we say that the triple (a,b,c) is hyperbolic,
as then the triangle lies in the (completed) upper half-plane H. We now prove a

well-known lemma that will be essential in future chapters.

Lemma 2.1.6. For a hyperbolic triple (a,b, c), we have

1
x(a,b,c) < x(2,3,7) = 1 (2.1.7)

bounded away from zero.

Proof. To maximize x(a,b,c) with a,b,c € Z>y U {c0}, the values of a,b,c need
to be minimal. We have that x(2,3,7) = —1/42. Also, we compute x(a,b,c) for
2<a<b<c<T7with (a,b, c) hyperbolic and conclude that the maximum value of

x(a, b, ¢) for a hyperbolic triple is attained when (a,b,c) = (2,3,7). O

From now on, we suppose that the triple (a, b, ¢) is hyperbolic. Then there is an as-
sociated map A(a, b, ¢) — PSLy(RR), unique up to conjugation. We will often suppress

the dependence on the triple from notation, writing for example A = A(a, b, ¢).

16
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Figure 2.2: Tiling of H by the triangle (2,3,7) (from public domain).

The group A is said to be cocompact if the quotient of the upper half-plane by A
is compact, else we say A is noncocompact. We have A noncocompact if and only if
at least one of a, b, c is equal to oc.

Let A® denote the subgroup of A generated by the set of squares {62 : § € A}.
Then A® < A is a normal subgroup, in fact [21, (5.9)] the quotient A/A® is
generated by the elements 0, with s € {a, b, c} such that either s = 0o or s € Zss is
even. Hence

(
{0}, if at least two of a,b, ¢ are odd integers;

A/A(2) =NZ/2Z, if exactly one of a, b, ¢ is an odd integer; (2.1.8)

(Z)27)?, if all of a, b, c are even integers or oco.
\

Lemma 2.1.9. The group A? is generated by the set

{671026, : 5, € {a,b,c}} U {6:,0,0,10, " : s,t € {a,b,c}}. (2.1.10)

Proof. Follows from Takeuchi [69, Lemma 3, Proposition 5]: the generating set pre-

17
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2.2 QUATERNIONS

sented there is smaller (depending on cases), whereas we collect these and symmetrize

to make a uniform statement. O

Section 2.2

Quaternions

For s € Zs>o U {00}, let (s := exp(2mi/s) and let A\ := (s + 1/(s = 2cos(27/s), with

(oo = 1 and Ay, = 2 by convention. Define the tower of fields

F = F(a, b, C) : @(A2a7 /\2b> /\20)

‘ (2.2.1)
E= E(CL, b) C) = Q()\(h Ab) >\C7 A2(?1/\212A26)'

The extension F' O E is abelian of exponent at most 2 (since A3, = A, + 2) and has
degree at most 4. Let Zr O Zg be the corresponding rings of integers, and let 0p g
be the relative discriminant of F'| E. The field F' is the trace field of the image of
A in PSLy(R), and E the trace field for A also called the invariant trace field (see
Maclachlan—Reid [51, section 5.5]).

Example 2.2.2. The fields E and F' can be equal. For example,
F(2,3,7) = E(2,3,7) = Q(\7).

As in section 2.1, we have a map A — PSLy(R); the F-subalgebra B := F/(A) <
M, (R) generated by any lift of the image (well-defined, since —1 € F)) is a quaternion

algebra, similarly O := Zp(A) is a Zg-order in B [67, Propositions 2-3]. The reduced
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2.2 QUATERNIONS

discriminant of O is a principal ideal of Zg generated by [21, Lemma 5.4]

ﬁ(a, b, C) = )\%a+)\§b+)\§c+)\2a)\2b>\gc—4 — )\a+>\b+>\c+)\2a)\2b)\20+2 € ZE (223)

The same construction applies to A, yielding a quaternion E-algebra A and a
Zg-order A. Let O := {y € O : nrd(y) = 1} be the elements of reduced norm 1 in O,

and define A! similarly. Then we have a commutative square of group homomorphisms

AP A1/ {£1}
(2.2.4)

A—— O /{+1}
In fact, the bottom map descends to the normalizer Na(A) of A in A, as follows.

Lemma 2.2.5. The composition of the maps

o! Np(0X)
A
IEESVR

factors via the map

N4(AX)
A

s T
07 + 1= Agy0s, if s £ 2; (2.2.6)
Oy >

(62 4+1)(62 + 1) = Agphacds, if s=a=2;

followed by the natural inclusion Ns(A*)/E* — Ng(O*)/F*.

Proof. See Clark—Voight [21, Proposition 5.13]. (The description fails to be uniform

when a = 2 because Ay = 0; since a < b < ¢ we must have b > 2, else (a, b, ¢) is not
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2.3 PRINCIPAL CONGRUENCE SUBGROUPS

hyperbolic. The map is nevertheless uniquely determined, since d,6,0. = 1.) m

Section 2.3

Principal congruence subgroups

We now define congruence subgroups. Let 91 C Zg be a nonzero ideal. Then reducing

elements modulo 9, as in (2.2.4) we obtain a commutative diagram

1 ——T(O) — A® (A/MA) /{£1}

[ f (2.3.1)
A

1——T(M) L (O/NO)Y /{£1}

but now with kernels in the rows: in particular, we have a group homomorphism

wn: A = (O/NO) /{£1} (2.3.2)

with kernel

M) :=kerwpy ={d € A:§==%1 (mod NO)} A (2.3.3)

called the principal congruence subgroup of level 1.
We define congruence subgroups of A to be those that contain a principal congru-

ence subgroup.

Remark 2.3.4. One could work more generally with ideals of Zy instead, arriving at
the same definition of congruence subgroups but with a different notion of level. In
light of what follows, especially the robust failure of wy to be surjective, we prefer to

work with levels in Zp.
Since A normalizes A® and therefore A and A, there is descent to the nor-
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2.4 TRIANGULAR MODULAR CURVES, FIRST ENCOUNTER

malizer as in Lemma 2.2.5. However, the precise description of I'(91) depends on
the ramification behavior of the primes dividing 91 in the extension F'| E and in the
algebras A and B (and this already introduces some subtleties when 91 is composite).

We pursue this in Theorem 3.3.1 and Theorem 5.2.8.

Section 2.4

Triangular modular curves, first encounter

A triangular modular curve is a quotient of the (completed) upper half-plane by a

congruence subgroup of a triangle group. For example

XM) = X(a,b,c;N) :=T(M)\H (2.4.1)

are called the principal triangular modular curves.

Ezample 2.4.2. We recall from Example 2.1.3 that A(2,3,00) ~ PSLy(Z). We also
note that £(2,3,00) = Q, so ideals of Z = Zg can be represented by positive integers

N. From this, we recover classical modular curves:

X(N) = X(2,3,00; NZ).

Looking forward to chapter 3 and following the analogy with modular curves, we
will define Borel-type congruence subgroups I'g(a,b, ;) and T'y(a, b, c;N) and get
corresponding triangular modular curves Xy (a, b, c; M) and X;(a, b, ¢;N).

Example 2.4.3. Let p7 be a prime of Zg,37) above 7. The curve X (2,3, 7;p7) is the

Klein quartic, a genus 3 curve [21, section 10]. One of the most striking properties of
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2.4 TRIANGULAR MODULAR CURVES, FIRST ENCOUNTER

this curve is that its automorphism group has size 168, the maximum for its genus.

For more on this fact and the arithmetic properties of the curve, see [37].
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Chapter 3

Triangular modular curves

We now study triangular modular curves that generalize classical modular curves.
The main results of the chapter are Proposition 3.2.6, where we define the relevant
matrix representation of A; and Theorem 3.3.1, describing its image building on work
of Clark—Voight [21]. Throughout, we retain our notation from the previous chapter.

This chapter is all joint work with John Voight published in [35].

Section 3.1

Galois case

Before proceeding, as a warmup we consider the curves X(a, b, c; ) defined in sec-
tion 2.4 corresponding to principal congruence subgroups. The fundamental domain
of the action of A(a, b, c) is two copies of the triangle with angles m/a, 7 /b, 7/c glued

together, so X(a,b,c) ~ P'. By construction, there is a cover

X(a,b,c;MN) — X(a,b,c) ~ P
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3.1 GALOIS CASE

It also follows from the construction that this is a Galois Belyi map.

Quite generally, for any Galois (Belyi) map with group G, the ramification indices
above each ramification point are equal. Without loss of generality, we may suppose
that a, b, c are also the orders of the ramification points. Thus the Riemann-Hurwitz

formula gives

#G
29(X) — 2= =2(#G) + s:ébcT(s - 1) (3.1.1)
which simplifies to
G
g X)=1- #Tx(a,b, c). (3.1.2)

From this genus formula and Lemma 2.1.6, we can conclude that, for any fixed genus
go > 0, there are finitely many hyperbolic G-Galois Belyi maps with genus go.
Following the analogy with modular curves, we are of course interested in the

special case where

G =T(p)\A ~ PXLy(F,)

where F, := Zg/p is the residue field and PXLy(F,) denotes either PSLy(FF,) or
PGLy(F,). (The major task in the next section is to precisely investigate this arith-
metically.) Plugging G = PXLy([F,) into the above:

1/2, it G = PSLy(FF,) and ¢ is odd;
84(go — 1) = #G = q(g+1)(q — 1) -

1, otherwise.

Thus, there are no curves X (a, b, ¢;p) of genus at most 1. For genus 2, we can use the

inequality to see that ¢ must be less than 6, so #G < 60 and, if g(X(a,b,c;p)) = 2,
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3.2 CONGRUENCE SUBGROUPS: MATRIX CASE

then

1
—— < 30.

x(a,b,c) —
This inequality implies that a < b < ¢ < 7 and, by checking the genera of these
possibilities with (3.1.2), we conclude that there are no curves X (a,b,c;p) of genus
2.
In fact, the smallest genus for a hyperbolic triple with a,b, c € Z>; is genus 3 for
(a,b,c) = (2,3,7), yielding the famed Klein quartic curve as in Example 2.4.3. More

generally, see Clark—Voight [21, Table 10.5] for examples up to genus 24.

Section 3.2

Congruence subgroups: matrix case

We return to (2.3.1), and identify matrix groups. The goal is to define congru-
ence subgroups of triangle groups that “come from matrices”, just like with classical
modular curves. We recall the setup from section 2.2. Let B be the F-subalgebra
F(A) < My(R) and we consider O = Zp(A) a Zp-order in B. Recalling (2.2.3), we
first suppose that § = discrd O is coprime to 9N, so all primes p | O are unramified in
B but more strongly we have (O/MO)/{£1} ~ SLy(Zr/NZr)/{£1}.

We recall that A = E(A®) is a quaternion algebra, containing the Zg-order
A = Zg(AP). For this order, we have Lemma 2.1.9: given a,b,c, we can compute
its Zg-module span in A and therefore a Zg-pseudobasis for A, hence its reduced
discriminant. Since AZr C O, we have | discrd(A) [21, Corollary 5.17].

So we make the stronger assumption that 9 is coprime to discrd(A). Then from
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3.2 CONGRUENCE SUBGROUPS: MATRIX CASE

(2.2.4) we get

AR s (A/MA) {1} —> 5 SLy(Z /M) /{£1}
(3.2.1)

A "2 (O/NO) J{£1} — SLo(Zp /NZE) /{ 1}

To descend the bottom map to the normalizer as in Lemma 2.2.5, we restrict our
scope taking 91 = p prime and work just a little bit more.
Let

Zg @) ={a € E:ordy(a) >0} C E (3.2.2)
be the localization of Zg at the ideal p (all elements not in p become units).

Lemma 3.2.3. Suppose that p 1 0pp. Then for s = a,b,c, we can write
A +2 =002 € EX (3.2.4)

with:

2

e U, € Zf;,(p); well-defined up to multiplication by an element of Z;, v) i.€., up to

)

the square of an element of Z;, (n) and

e 0, € E*, well-defined up to ng(p).

If p is coprime to 2abc, then we may take 0, = 1 and vy = A\ + 2.

Moreover, the prime p (necessarily unramified in F') splits completely in F if and

only if the Kronecker symbols (vs |p) = 1 are trivial for all s = a, b, c.

Proof. First, a bit of generality: for « € E* with even valuation at all primes p | 0,
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3.2 CONGRUENCE SUBGROUPS: MATRIX CASE

by weak approximation in £ we can write
a=vh* € B~ (3.2.5)

with v, 6 as in the statement of the lemma.

Now to apply this, we observe that F' = F(Agq, Aap, Aac) and recall that A3, = \,+2.
By hypothesis, we have p { 9pg; in particular the elements A\, + 2 must have even
(nonnegative) valuation at p. Thus (3.2.5) applies, giving (3.2.4). The final statement

follows from the usual splitting criterion in quadratic fields. O
We obtain the following result.

Proposition 3.2.6. Suppose that p 1 discrd(A)dpg. Then there is a commutative

diagram
A®) — 5 SLy(Zp/p)/{£1}
l (3.2.7)
A —"2 L PCLy(Zg/p)

and the map mn: A — PGLy(Zg/N) factors through wey.
We let Gy := my(A) < PGLy(Zg/p) be the image of .
Proof. Combine (3.2.1) with Lemma 3.2.3. O

Remark 3.2.8. A similar argument works when 91 is composite; however the right-
hand vertical map SLo(Zg/M)/{£1} — PGLy(Zg/91) may no longer be injective
when 91 is composite. This leads to certain ambiguities about the definition which

we will return to in chapter 5.
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3.3 IMAGE AND ADMISSIBILITY

Section 3.3

Image and admissibility

Theorem 3.3.1 (Clark—Voight). We have Wp(fo)) = PSLy(Zg/p) and
mp(Gp) = PXLa(Zg/p)

where PXLy denotes PSLy or PGLy according as p splits in F' O E or not.

Proof. We refer to Clark—Voight [21, Theorem A] for the case where p 1 2abe; but
examining the argument given [21, Remark 5.24, proof of Theorem 9.1] in light of the

above, we see that it extends when p { discrd(A)B0pg. O

It can and does happen that two different triangular modular curves are isomor-
phic (as curves and as covers of P!). The issue is simply that in the homomorphism
7o from A(a, b, ¢) to a matrix group, the generators ds need not have order s in the
image (for s = a,b,¢). In other words, the reduction homomorphism factors through
a triangle group with a smaller triple. This happens for example when s = oo, as the
order of my(d,) is always finite! To illustrate this phenomena, we present the following

example.

Ezample 3.3.2. Consider the triples (2,3,¢) with ¢ = p¥, where k > 1 and p > 5 is
prime. Then

Ek = E<2, 3, C) = F(Q, 3, C) = Q()\2C> = Q(CQC)JF (333)
and B(2,3,¢) = A\. — 1 € Zg, . The prime p is totally ramified in F' and p; is the
unique prime ideal above p, so F,, ~ F,. Thus X (2,3,p" px) ~ X(2,3,p;p1).

To avoid this redundancy, we make the following definition.
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3.3 IMAGE AND ADMISSIBILITY

Definition 3.3.4. Given a triple (a,b,c), a prime ideal p C Zg(qs) is admissible for

(a,b,c) if
e p { discrd(A)dp g, and
e the order of m,(d;) is equal to s for all s = a,b,c.

When we consider inadmissible triples, it is useful to talk about the order of m,(s),

and we will denote this order by s* for s € {a,b, c}.

Proposition 3.3.5 ([21]). Let (a,b, c) be a hyperbolic triple with a,b, c € ZU{co} and
let p be a prime ideal of E(a,b,c) with p the prime number below p. Let s € {a,b,c},

then

.

s ifs# oo andpts;

sy if s # 0o and s = sop* with so # 1 and k > 1;

p  otherwise.
\

Proof. Follows from the proof of [21, Theorem 9.1] (not mentioned in the statement,
but proven as a claim in the course of the proof). When p { s or s = sop* with ,
the order of the matrix is uniquely determined by its trace. If s = sop* with sy #
L and k > 1, then \ys = M35y (mod p) and the order must be sg. Otherwise, the

element must be unipotent, so it must have order p. O

Remark 3.3.6. When studying triangular modular curves, we can focus on admissible
triples without loss of generality. Let (a,b,c¢) be an inadmissible triple, let p C
ZE(ap,e) be a prime ideal, and assume that p { discrd(A)opz. Then, there is a unique
admissible triple (a*, b, ¢*), and a prime ideal p’ C Lip(at pt )y such that the cover

X(a,b,c;p) — P! is isomorphic to X (af, b, ¢f; p’) — PL.
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3.4 HYPERBOLIC TRIPLES REDUCING TO NON-HYPERBOLIC TRIPLES

— Section 3.4
Hyperbolic triples reducing to non-hyperbolic

triples

In considering admissible triples; we may lose the hypothesis that (a,b,c) is hyper-
bolic; however, this situation is easy to characterize. We note that in most cases,

these groups do not contain PSLy(IF,), so they are not considered in this manuscript.

Proposition 3.4.1. Suppose (a*, b, c*) is not hyperbolic. Then (a,b,c;p,q) is one
of the elements listed in the following table. In the table, p lies below p and q is the
residue field degree of p. In addition, we distinguish the Galois groups PSLy(F,) and

PGLy(F,) by writing 1 and —1 in the PXL column, respectively.
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3.4 HYPERBOLIC TRIPLES REDUCING TO NON-HYPERBOLIC TRIPLES

(a,b,c) conditions PXL | E(a* b% c*)
(2]"’“,2’“”,3 . 2’“5),
(3 -2 00, 00), 1 <ky<kp <k 1 Q
(2,3 - 2k o0)
(3ke, 3k, 3%),
(3ka7 OO7 w)?
1<k, <k <k 1 Q
(3ka73kb’ (X)),
(00, 00, 00)
(2 . 3’%.73]%73]%)’
(2 - 3k, 3k o0, 1 < ky < ke, kakpke # 1 1 Q
(2 -3, 00, 00)
(2 3k 3ks 4. ghe),
1< hy, Kabike # 1 -1 Q
(2- 3k 4. 3% o)
(2ke 3. 2k 5. oke),
1< kaa kakbkc 7é 1 1 Q(\/g)
(320, 5. 2k o0)
(2 5ka, 3 kv Hhe),
1 < ke, kokpke # 1 1 Q(+/5)
(255, 3. 5% o)
(3.4.2)

Furthermore, the curves X (a,b, c;p) with (a,b,c;p) as above all have genus 0.

Proof. We make a case by case study. The only triples (a,b,c) € (Zso U {oc})? that
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3.4 HYPERBOLIC TRIPLES REDUCING TO NON-HYPERBOLIC TRIPLES

are not hyperbolic are

(2,2,n) for n > 1, (2,3,3), (2,3,4), (2,3,5), (2,3,6), (2,4,4), or (3,3,3).

Assume first that (@, %, c*) = (2,2,¢) for ¢ > 1. The image of m,: A(2,2,¢) —
PGLy(F,) must be dihedral because of the presentation of A(2,2,¢). The only dihe-
dral group that is isomorphic to PXLy(F,) for any ¢ is D¢ =~ PSLy(Fy). Thus, we
only have the triple (af, b, ¢) = (2,2,3) and prime p,.

The group A(2,3,6) is solvable since it fits in the exact sequence:

1 — 7% — A(2,3,6) = Z/6Z — 1.

The only solvable groups of the form PXLy(F,) are Sy ~ PGLy(F3) and Ay =~
PSLy(F3). The triple (2,3,6) is inadmissible for ¢ = 2 or ¢ = 3, so (2, 3,6) does not
arise from any prime ideal p. With the same analysis, we can rule out (2,4,4). We
also have that the group A(3,3,3) is solvable. Hence, the image of m, : A(3,3,3) —
PXLy(FF,) must be solvable. The only solvable groups of this form are Ay ~ PSLy(IF3)
and Sy ~ PGLy(FF3). Thus, the only option is that p is a prime above 3 with residue
field 3.

The last triples to consider are (2,3, 3), (2,3,4) and (2, 3,5). These triples are all
exceptional. The only projective linear groups that can arise from exceptional triples

[21, Remark 8.4] are the following:

PSLy(F3), PGLy(F3), PGLy(Fy), PSLy(F5).
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We now use this fact to finish the analysis. When (af, b%, ¢!) = (2,3, 3), the admissible
prime ideals p have residue field degree 3,4, and 5. The field E(2, 3, 3) is the rational
field, so Zg/ps ~ Fy. In addition, the ideal 2Zg is totally ramified in any field
E(2 -2k 3.2k 3.2k) 50 q # 4. The only options then are ¢ = 3 and ¢ = 5. A
quick Magma [17] calculation shows that elements with these orders cannot generate
PSLy(Fs5).

Similarly, when (a*, b, ) = (2, 3,4), the only possibilities for ¢ with image con-
taining PSLy(F,) and admissible for p are ¢ = 3 or ¢ = 5. However, the field F(2, 3, 4)
is the rational field and 5 is inert in F', so we would have G5z, ~ PGLy(F5), which
is not on the list of possible groups. The same happens for (a*, b, cf) = (2,3, 5); the
options of ¢ for an admissible prime p are ¢ = 2,3,4,5. The ideal 2Zp is inert in
E(2,3,5), an extension of Q of degree 2, thus ¢ = 2 is not possible. The ideal 3Zg is
also inert in E(2,3,5), so an isomorphism with PXLy(F3) is not possible. The only
options for g are ¢ =4 and ¢ = 5.

For all of the possible triples (a*, b, cf) and primes p described above, we certify
that such map is possible by exhibiting passports for each curve. We then describe
the options for (a,b, c) using Proposition 3.3.5. Finally, we use (3.1.2) to compute

the genus of each of these curves, finding that they all have genus 0. [
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Section 3.5

Borel-type subgroups

Now that we found a way to going back to matrices, we are ready to define congruence

subgroups that mirror the constructions from classical modular curves. Let

a
La,b,d € Zy/p and ad € (Z/p)* § < GLy(Zp/p) (3.5.1)

0 d

be the upper-triangular matrices in GLo(Zg/p), and let Hy, be its image in the

projection to PGLy(Zg/p). Similarly, let

b beZplp s < GLo(Zy/p) (3.5.2)

01

be the upper unipotent subgroup and H;, again its image in PGLo(Zg/p).

We then define the subgroups

FO(aa b7 G p) = Spp_l(HOAJ)’

Ti(a,b,c;p) = o, ' (Hip).

(3.5.3)

and the corresponding quotients

Xo(CL, ba G, p) = FO(aa b7 G, p)\% = HO,P\X/(aa b7 G, p)
(3.5.4)

Xl (aa ba C, p) = Fl (CL, b7 G, p)\H = HLP\X(CL7 ba G p)
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3.5 BOREL-TYPE SUBGROUPS

Then we have natural quotient maps

X(a,b,c;p) — Xi(a,b,c;p) = Xo(a,b,c;p) — X(a,b,c;1) ~ P (3.5.5)

These curves will be our main object of study in the following chapter.
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Chapter 4

Triangular modular curves of

prime level

In this chapter, we exhibit a formula for the genus of the Borel-type triangular modu-
lar curves Xg(a, b, c;p) for p prime (see Theorem 4.2.4). Using this formula, we show
that there are only finitely many such curves with bounded genus in Corollary 4.4.6,
which is the main result of the chapter. We then present an algorithm that enumer-
ates all such curves of bounded genus (see Algorithm 4.5.2). We then build up with
these ideas to provide similar results for curves Xi(a, b, c;p). This chapter is from

joint work with John Voight published in [35].

Section 4.1

Setup

Let (a, b, ¢) be a hyperbolic triple and p be an admissible prime of £ = E(a, b, ¢) with
residue field F,. Let ¢ := #[F,, so F, ~ F,. Because E is Galois over Q, all primes p

have the same ramification and splitting type; it follows that the genus of X¢(a, b, ¢;p)
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4.1 SETUP

only depends on the prime number p € Z below p (and the inertial degree of p over
p), i.e. only on g.

Let G := G, be as in Theorem 3.3.1. Then the group Hy, = Hy, consists of the
image in G of the upper-triangular matrices of SLy(F,) or GLy(F,), depending on G.

By construction, the curves Xy(a, b, ¢;p) and X (a, b, ¢; p) fit in the following diagram.

X(a,b,¢;p)

I

G X()(CL, bu Cvp)

/

We first compute the index [G : Hy], which corresponds to the degree of the cover

IPl

Xo(a,b,c;p) — P If G = PGLy(F,), up to multiplication by a scalar matrix, it is
possible to choose representatives of elements of Hy that have 1 on the first entry of
the matrix. Thus, #Hy = q(¢ — 1) and [G : Hy] = ¢+ 1. When ¢ is even, we have
an isomorphism PSLy(FF,) ~ PGLy(F,), so the index [G : Hy] is the same as above.
Finally, if G = PSLy(F,) with ¢ odd, then representatives can be chosen to have 1 on
the first entry of the matrix as above. Also, the upper triangular matrices are defined
up to multiplication by —1. Hence #Hy = £q(¢ — 1) and [G : Hy] = ¢+ 1.

Via the projection of the first column of the matrix to P!(F,), the set of cosets
G/Hy is naturally in bijection with P!(F,). With this bijection, the action of m,(A)
on G/ Hy becomes simply matrix multiplication. The ramification of the cover of P!
coming from Xy (a, b, ¢; p) then depends on the cycle decomposition of the correspond-

ing elements (in G) as an element of Sym(P*(F,)) ~ Sy41.
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Section 4.2

Cycle structure and genus formula

The following lemma describes the cycle structure defined in the previous section.
The main feature of this Lemma is that it only uses the order of the elements. Recall

we write PXLy for either PSLy or PGL,.

Lemma 4.2.1. Let G = PXLy(F,) with ¢ = p" for a prime number p. Let o5, € G

have order s > 2, and if s = 2 suppose p = 2. Then the action of 75 on PY(F,) has:
(i) two fized points and (q — 1)/s orbits of length s if s | (¢ — 1);

(ii) one fized point and q/p orbits of length p if s = p (this is the case when s | q);

and
(iii) (no fized points and) (q + 1)/s orbits of length s if s | (¢ + 1).

Proof. We note that each class in G is represented by matrices that are diagonalizable
over F,, diagonalizable only over Fg ., or not diagonalizable. We prove the Lemma
by studying in detail each case. Let o, be an element of GLy(F,;) whose projection
to G is os. If o, is diagonalizable, then we say that & is split semisimple, and o,
is conjugate to say the diagonal matrix with diagonal [u,v]. We must have u # v
because otherwise o, would be the identity in G, contradicting that s > 2. The order
of 7, is s, so s is the order of uv™' in Fy. To find the orbits of the action of s on

P'(F,), we use that
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for any € IF,. Hence, the action of &, has two fixed points: (é) and <(1)>, and
(¢ — 1)/s orbits with s elements.

The element @, is unipotent if and only if it is conjugate to an upper triangular
matrix with diagonal values equal to 1 and upper-right entry v € Fr. This is the

case when the characteristic polynomial of o, has two equal roots and o, is not

diagonalizable over Fg. This happens if and only if s = p. In this case, we have

)66 () 6)-(7)

where « € F,. There is only one fixed point and there are ¢/p orbits of size p.

If the characteristic polynomial of o, does not split in F,, we call &5 non-split
semisimple. The action of @, has no fixed points because this would imply that o
has an eigenvector. The splitting field of the characteristic polynomial of o, is F .
Let a1, a9 € Fp2 \ F, be the roots of this polynomial. Then o, is conjugate to the
diagonal matrix [y, an] with oy = T !ay, as]T for some invertible matrix 7. For all

m € N such that o fixes (z : y)' € P!(F,), we have that

o 0 z T
T - —(7l--1].
0 oy Y Yy
From the analysis of the split semisimple case, we conclude that every orbit has length

s. Thus, the action of o5 on P(F,) has (¢ + 1)/s orbits of length s. O

The previous lemma does not consider the case when s = 2 and ¢ is odd. The

ambiguity arises since if s = 2 then s | (¢ — 1) and s | (¢ + 1), so @2 can be either
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split or non-split (semisimple).
Ezample 4.2.2. For (a,b,c) = (2,3,8) and G = PGLy(F7), we have oy split and it

belongs to the conjugacy class of

6 0
01

On the other hand, for (2,6,6) and G = PGLy(F7), we have o2 non-split, belonging

to the conjugacy class of

0 6
10

The following lemma solves this problem when G = PSLy(F,).

Lemma 4.2.3. Let G = PSLy(F,) with ¢ odd, and let 55 € G be an element of order

2. Then the action of 7o on PY(F,) has:

(i) two fized points and (q — 1)/2 orbits of size 2 if —1 is a square modulo q; and

(ii) (no fized points and) (q + 1)/2 orbits of size 2, otherwise.

Proof. Let @y be a matrix of order 2 in PSLy(F,). Pick a lift oo € SLy(F,) of 7.
Because o3 is the identity, its characteristic polynomial must be a quadratic polyno-
mial dividing 2* — 1. In addition, the constant of this polynomial must be 1 since
this is the determinant of o5. The only possibility for such a polynomial is 2% + 1. If
—-1le quz, then this characteristic polynomial splits with distinct roots, so we are in
the split semisimple case of Lemma 4.2.1. Otherwise, —1 is not a square and we are

in the non-split semisimple case. [

Now we are ready to give a formula for the genus g of Xy(a,b, c;p). For x € R,

we write |z] for the rounding down of z, so [3/2] = 1.
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Theorem 4.2.4. Let (a,b,c) be a hyperbolic admissible triple and p be a prime of E

above a rational prime p. Then the genus of Xo(a,b,c;p) is given by

g(Xoabep)=-aty S |2 G-Drdaber, @29

s€{a,b,c}
where q is as before and €(a,b,c;p) € {0,1/2} is uniquely determined by the genus
9(Xo(a,b,c;p)) being an integer. Moreover, we have €(a,b, c;p) = 0 unless a = 2 and

q s odd.

In the latter case (¢ = 2 and ¢ odd), Lemma 4.2.3 implies that when G =
PSL,y(F,), we have €(a, b, c;p) = 0 if and only if ¢ =1 (mod 4) (case (i)).

Proof. Consider elements 7,, 3, 7. € PXLy(F,) of orders a, b, and ¢, respectively,
such that o,0,0. = 1. We recall that the map Xo(a, b, c;p) — X (1) has degree q + 1

since |G : Hy| = ¢ + 1. The Riemann-Hurwitz formula implies
20 —2=—-2(q+ 1)+ €, + & + €, (4.2.6)

where €, is the ramification index at each of the branch points corresponding to s €
{a,b,c}. We can compute €, from Lemma 4.2.1 and Lemma 4.2.3, with €, = ks(s—1),

where .

(g—1)/s, ifs]|(g—1);

ks =9 q/s, if s | ¢; (4.2.7)

(g+1)/s ifs|(g+1);

\
if s #£ 2 or (s =a = 2 and ¢ is even); whereas if s = a = 2 and ¢ is odd, then either

ko = (¢ +1)/2 or ks = (¢ — 1)/2 is determined by the fact that g € Z, since they
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differ by 1. O

Remark 4.2.8. Instead of using parity, in the PGL4(IF,) and ¢ odd case, we can always
explicitly compute elements 75, 73, . € G, of orders 2, b, and c respectively, such
that 0,0, = 1. We can then decide if 74 is split or non-split and use Lemma 4.2.1

to compute the ramification.

Section 4.3

Algorithm

We present an implementation of Theorem 4.2.4.

Algorithm 4.3.1 (Compute the genus of Xo(a,b,c;p)).

Input: a hyperbolic triple (a,b,c) € (ZU{oo})? and a nonzero prime ideal p C Zgqp.c).-
Output: the genus of Xo(a,b,c;p) and the Galois group G, of the cover X (a,b, c;p) —
P!

1. Compute the residue field of p and set q := #F,.

2. Compute the residue field Zg/pr, where pr is a prime of F(a,b,c) above p. If
F, >~ Zp/pr, then G = PSLy(F,). Otherwise set G = PGLy(F,).

3. Compute g using Theorem J.2.4.

Proof of correctness. Correctness follows from the formula in Theorem 4.2.4. Steps
1 and 2 can be performed by constructing the algebraic number field; it can also be

done purely in terms of the prime number p below p. O
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Section 4.4

Bounds from fixed genus

Our goal remains to show that, for fixed genus gy, there are finitely many admissible
curves Xo(a,b,c;p) of genus g < go. We first characterize the hyperbolic triples
(a,b,c) such that the curve X(a,b, c;p) has Galois group PXLy(F,), for a given g.

In the prime case, the notion of admissible ideal can be turned around, as follows.

Definition 4.4.1. Let ¢ := p" be a power of a prime number p. A hyperbolic triple
(a, b, c) is g-admissible if s divides at least one integer in the set {¢ — 1, p, ¢ + 1} for

all s € {a,b, c}, not including co.

Lemma 4.4.2. For any triangular modular curve Xg(a, b, c;p) with ¢ := Nmp and p

admissible for (a,b,c), the triple (a,b,c) is g-admissible.

Proof. As shown in the proof of Lemma 4.2.1, the order of every element in PXLy(F,)

needs to divide one of {¢ — 1,p,q+ 1}. ]

Proposition 4.4.3. Let g be the genus of the triangular modular curve Xg(a,b,c;p)
and set q :== Zg/p. Then,

g<84i(g+1)+1

Proof. Recall that s* denotes the order of 7,(ds). The cases where (a, b, ¢*) is not
hyperbolic are handled in Proposition 3.4.1: we get g = 0, and the inequality holds.
So we may suppose without loss of generality that s* = s for s = {a,b,c}, and still
that (a,b,c) is hyperbolic.

We study the Belyi map Xy(a,b,c;p) — PL. Let €4, 6, €. be as before. Using
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Lemma 4.2.1, we have that for s € {a, b, c},

(q_l)_Q;l_(S—l)S(q_l) Seséw_(wﬂ)——- (4.4.4)

Because of these bounds and (4.2.6),

: > — 1 1
g(Xo(CL,b, Cvp)) - <q+ )+ a 2 c +
3 1 1 1
— (-1 (142~ = —) -1
(4=1) < T T T W 20)
—1
= T |X<(Z,b, C)| - 17
(4.4.5)

where x(a,b,c) is as in (2.1.5). The result then follows from the previous inequality

and the upper bound for x(a, b, c) given in Lemma 2.1.6. O

Corollary 4.4.6. For a fived genus gy € Z>q, there are only finitely many hyperbolic

triples (a,b,c) and admissible primes p such that the curves Xo(a,b,c;p) have genus

9 < Go-

Proof. By Proposition 4.4.3, we obtain an upper bound on the rational prime p given
by ¢ < 84(go + 1) + 1. Also, for (a,b, c) to be g-admissible, necessarily s < ¢+ 1 for

all s € {a,b,c}. This leaves only finitely many possibilities. O

Remark 4.4.7. To make computations more efficient, we can consider a bound on ¢
that depends on x(a, b, c). For the genus of Xg(a,b,c;p) to be less than or equal to

Jo, it is necessary that
2(g0 + 1)

— 1. 4.4.
1= vl t (4.48)
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This inequality also shows that

2(g0 + 1)'

0 b <
<‘X(a7 7C>’— q_l

(4.4.9)

Therefore, we can bound a, b, and ¢ whenever gy and ¢ are fixed.

Section 4.5

Enumerating curves of low genus and prime level

Now we present the main algorithms that use the theory developed in the previous
sections. We will effectively enumerate the curves Xy(a,b,c;p) of bounded genus.
Note we already know that the number of curves is finite from Corollary 4.4.6. As
explained in section 3.3, if p is admissible for (a,b,c), then G = G, is given by
PXLy(F,). The first condition (coprimality) in admissibility can be expensive to

check, so we first check the easier necessary (but not sufficient) condition that p {

B(a,b,c).

Algorithm 4.5.1 (Relatively prime to ).
Input: a hyperbolic triple (a,b,c) and a prime number p.
Output: returns true if there exists a prime p C Zg(ap,c) above p such thatp 1 5(a, b, c)

and false otherwise.

1. If pt2abc, then return true.
2. Find F, = IF,, where p is any prime of £/ above p.

3. Set m :=lem(a,b,c). Construct Fy(Com). Set 2z := Com.
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4. For every i € (Z/2mZ)*, and set ly, := 2™ +1/2"™/* for s € {a,b,c}. Com-
pute

ﬁi = lga + l%b + lgc -+ lzalgblzc — 4.

If B; # 0 and whenever p | s we have s = p, then return true. Otherwise,

return false.

Proof of correctness. Let p be a prime of Zg, ) above p. If p 1 2abc then p { B(a, b, c)
[21, Lemma 5.5]. When p | abe, checking that p does not divide f(a,b,c) is more
involved. We do this in steps 2 to 4 by computing 5 in the residue field of p. This

computation is independent of the prime p chosen above p because E is Galois over

Q. ]

Now we are ready to present the main algorithm that ties the results of this chapter

into an explicit enumeration.

Algorithm 4.5.2 (Enumerate curves Xy(a, b, c;p) of bounded genus).

Input: an integer go € Z>p.

Output: a list LowGenus of all hyperbolic triples (a,b,c) € Z322 and norms of prime
ideals p of E(a,b,c) that are admissible and such that the genus of Xo(a,b,c;p) is at

most gg.

1. Loop over the list of possible powers q = p", where p is a prime number and

q<84(go+1)+1.

2. For each q from step 1, find all g-admissible hyperbolic triples (a,b,c) (as in
Definition /.4.1).
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3. For each q-admissible triple (a,b,c) from step 2, check if x(a,b,c) satisfies
(4.4.9) and if p does not divide 5(a, b, c) using Algorithm /.5.1. If yes, compute

the candidate genus g of Xo(a, b, c;p) using Algorithm /.3.1.

4. If g < go, check that p 1 discrd(A)Opp. If yes, add (a,b,c;q) to the list

lowGenus.

Proof of correctness. For step 1, see Proposition 4.4.3. Every hyperbolic g-admissible
triple gives rise to one such curve. The correctness of the rest of the algorithm follows

from the work done in the previous sections of this chapter. n

We list the CPU time (in seconds) for our implementation to compute the list of

curves Xo(a, b, c;p) of genus up to bounds 0, 1, and 2 on a standard laptop:

Genus bound || 0 1 2

Time (s) 1.719.7 | 1110.3

Section 4.6

Triangular modular curves Xi(a,b,c;p)

In this section, we conclude the chapter by translating our methods to genus compu-
tation of curves Xj(a,b,c;p), completing the proof of our main result.

We recall that X (a, b, ¢;p) is defined in (3.5.4) as the quotient of H by I'y(a, b, ¢; p).

Corollary 4.6.1. For any integer gy > 0, there are finitely many triangular modular

curves Xq(a, b, c;p) with p admissible.
Proof. For every triple (a,b,c) € (Zsy U {oc0})? and prime ideal p of E(a,b,c), there
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is a cover Xi(a,b,c;p) — Xo(a,b,¢;p). All curves Xi(a,b,c;p) of genus bounded
above by go cover curves Xy(a,b,c;p) of genus bounded above by gy. Because of
Corollary 4.4.6, there are finitely many admissible triples (a, b, c) and prime ideals p

that give rise to curves Xy(a, b, c;p) of genus bounded above by gq. O]

We now focus on explicitly enumerating all curves of bounded genus. The goal
first is to prove group-theoretic results that describe the degree and ramification of
the cover X;(p) — X (1). We describe the structure of the quotient PXLy(F,) modulo
H, , and then describe the action of m,(d5) on this quotient. The main difference with
section 4.1 is that the quotient G//H,, does not depend on G being isomorphic to
PSLy(F,) or PGLy(F,), whereas the structure of G/H,, depends on the choice of G

as we describe now. Let Hy := H .

Lemma 4.6.2. Let G = PXLy(F,), where F, := Zg/p. The quotient G/H; can be

described as follows.

(i) If G = PSLy(F,), then G/H; ~ (F, x F,\ {(0,0)})/(£1): explicitly, the class
T

)
of (x,2) € F, x F, maps to the coset of , where y,w € F, satisfy
z w

zw —yz = 1.
(ii) If G = PGLy(IF,), then G/Hy ~ (Fq x Fg\ {(0,0)})/(£1) x Fy/Fx?: explicitly,
for p € FX\F? the class of ((x,y),u) € (Fg x Fg\ {(0,0)}) x FY maps to the
T

Y , . .
coset of , where z,w € Fy satisfy xw — yz = 1 if u is a square and
z w

rw — Yz = p otherwise.

Proof. Let G = PSLy(F,) with ¢ odd. Because #H; = #F,, we have that [G :

Hi] = (¢* —1)/2. The coset representatives of G/H; can be parameterized by (x,z) €

48



4.6 TRIANGULAR MODULAR CURVES Xj(a,b,¢;p)

(F, x F,)/(£1). Indeed, two elements in PSLy(FF,) are in the same coset of G/H; if

and only if there is o € I, such that

Ty 1 « ixa?oz+y oy

Z w 0 1 Z zo+w Zw

This is the case if and only if (z,2) = £(2/,2'). Thus, the map defined by the
parametrization (F, x F,) \ {(0,0)}/(£1) — G/H; is a well-defined, injective homo-
morphism. By a cardinality comparison it follows that it is an isomorphism.

Now we let G = PGLy(F,), so [G : Hi] = ¢*—1. We claim that the quotient G/H,
is isomorphic to (Fy x Fy\ {(0,0)})/{£1} x F;*/Fx*. To present this isomorphism,
we fix a non-square p € Fy \ F*. For any +(z, 2) € (F, x F,\ {(0,0)})/(£1), and
any u € {1, u} ~ IF‘;/]F;Q, we choose values of y, w € F, such that zw — yz = « and
map =£(z, z) to the class of the matrix vy in PGLy(F,). Given two different

Z w

choices y,w € F, and ¢/, w’ € F,, if z # 0, then

Ty oy (1 =2 (y—v)

Z w Z W 0 1

If =0, then z 20 and 0 # u = yz = yy'z. Thus, y = y'. We also have

0 y 0 vy 1 z7Hw—w)

Z W Z W 0 1

Thus, the map (F, x F, \ {(0,0)})/{£1} x F;/F;* — G/H, is a well defined homo-

morphism. In addition, multiplication by elements in H; does not change the square
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class of the determinant or the first column of the matrix, so the homomorphism de-
scribed above is injective. Since the cardinalities of the domain and range are equal,

we conclude that this is an isomorphism. O]

We proceed to describe the ramification of the cover Xi(a,b,c;p) — PL. This
result is similar to Lemma 4.2.1. The main difference is that in certain cases there

are more fixed points than strictly necessary.

Proposition 4.6.3. Let o, € G = PXLy(F,) and assume that the order of G, is s.

The structure of the action of G5 on G/Hy is as follows:

(i) if o5 is semisimple, then there are (no fized points and) [G : Hy|/s orbits of

length s,
(i) if o5 is unipotent, then:

(a) if G = PSLy(F,) and q is odd, there are (¢ —1)/2 fized points and (¢* —

q)/(2p) orbits of length p,

(b) otherwise, there are ¢ — 1 fized points and (¢* — q)/p orbits of length p.

Proof. We use the description of the quotient G/H; given in Lemma 4.6.2. Let o be
any element of GLy(F,) that maps to &, in the quotient to G.

If o, is split semisimple, then it is conjugate over I, to a diagonal matrix with
entries u,v. Because the order of 7 is s, then s is the order of uv='. We pick a class in
the quotient GG/ H; represented by a matrix M. If the class of M is fixed by the action
of 7, then the first column of M is, up to multiplication by +1, fixed by multiplication
by the diagonal matrix. This implies that (u,v) = £(1,1), contradicting that s > 2.

Thus, there are no fixed points of the action of 75 on G/H;. A similar argument

20



4.6 TRIANGULAR MODULAR CURVES Xj(a,b,¢;p)

shows that orbits of elements that are not fixed cannot have length less than s. Thus,
every element belongs to an orbit of length s.

If o, is non-split semisimple, then oy is split in a quadratic extension of F,. We
assume that o, = T~ ![ay, ao|T in this extension. If o7 fixes an element for r > 1,

then we have

0 a5 Z W Z W

Multiplication by T" does not change the equality in G/H;. Thus, we are back to the
split semisimple case and the orbits of the action of &, all have size s.
If o4 is unipotent, then o4 can be chosen (by multiplying by scalar matrices) to

be conjugate to an upper diagonal matrix with ones in the diagonal. Then,

1 u Tz Yy T +uz Y+ uw

0 1 Z W z w

so the class of this matrix in G/H; is fixed by multiplication by oy if and only if
uz = 0. Since s > 2, then z must be 0. We note that if z # 0, then the orbit of
the element has length p. In G = PSLy(F,) there are (¢ — 1)/2 representatives for
which z = 0, i.e. fixed points. Similarly, if G = PGLy(F,), then there are ¢ — 1 fixed

points. O

Corollary 4.6.4. Let (a,b,c) € Z2, be a q-admissible hyperbolic triple. Let p be a
prime ideal of E(a,b,c) above a rational prime p. Then the genus of Xi(a,b,c;p) is
gien by

1
9(X1(a,b,c;p) = =[G+ Hi] +1+ 5 e{; }k;s(s —1),
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where

(> —q)/(2p), ifs=p and G = PSLy(F,);
(¢* —q)/p, if s = p and G = PGLy(F,);

(¢* = 1)/s, if s # p and G = PGLy(F,); and

(*—1)/(2s), ifs+#p andq is odd and G = PSLy(F,).

\

Proof. This formula is given by using the Riemann-Hurwitz formula on X (p) — P!

and Proposition 4.6.3. O
Now we are ready to present an algorithm that enumerates all curves X;(a, b, ¢; p).

Algorithm 4.6.5 (Enumerate curves Xi(a, b, c;p) of bounded genus).
Input: an integer gy € Z>y.
Output: a list lowGenusX1 of all hyperbolic triples (a,b,c) and admissible ideals p

such that the genus of Xi(a,b,c;p) is g < go.

1. Loop over all hyperbolic triples (a, b, c¢) and prime ideals p such that Xo(a,b, c;p)

has genus bounded above by gg. This list can be obtained from Algorithm 4.5.2.

2. For each triple (a,b, c) and ideal p listed in the previous step, compute the genus
g of Xi(a,b,c;p) with Corollary /.6.4. If g < go, then add (a,b,c;p) to the list

lowGenusX1.

Proof of correctness. We show that the list is complete. For all triples (a,b,c) and
prime ideals p there are maps Xi(a,b,c;p) — Xo(a,b,¢;p). Thus, the only curves
Xi(a,b,c;p) that can have genus g < gy must be covers of curves Xg(a,b, c;p) of

genus bounded above by go. O]
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Chapter 5

Triangular modular curves of

composite level

This chapter aims to generalize the results from chapters 3 and 4 about Borel-type
triangular modular curves of prime level to the same curves with composite level.
Our building blocks will be the curves with prime level. We use that for any p | I,
we have covers X;(a,b,c;N) — X;(a,b,c;p) for i € 0,1. When the level 9 is the
product of distinct primes, the results follows by the Sun Zi Theorem (CRT). This
chapter’s challenge is dealing with level 91 = p®, where e > 1 and p is a prime ideal.
In particular, most of the work at the beginning is done to characterize admissible
triples in Corollary 5.2.7. Then, we present Algorithm 5.4.6, a generalization of
Algorithm 4.5.2 to composite level. We proceed to extending the results to curves X;
in section 5.5, and we prove the main theorem of this part of the thesis, Theorem 5.6.1.
At the end of this chapter, we explore future work on computing the ramification of
the covers X, — P! by using embedding numbers and strong approximation instead

of a direct computation. This chapter contains unpublished joint work with John

93



5.1 EXTRA SETUP

Voight.

Section 5.1

Extra setup

In this section, we give some basic setup and notation, extending the work done for
the prime level case in section 2.3 and section 3.2. We recall the setup from that
section. Let B be the F-subalgebra F(A) < M,(R) and we consider O = Zp(A) a
Zp-order in B. Recalling (2.2.3), we first suppose that § = discrd O is coprime to 1,
so all primes p | 91 are unramified in B but more strongly we have (O/NO)! /{£1} ~
SLo(Zp/NZp)/{£1}. From (2.3.1) we obtain

i A = SLy(Zp/NZp) / {1} (5.1.1)

We recall Proposition 3.2.6, which states that if 91 is prime and coprime to

discrd(A)0 g, then there is a commutative diagram

A® —— SLy(Zp /M) /{£1}
J (5.1.2)
A —"2 S PGLy(Zg/N)

and the map myn: A — PGLy(Zg/MN) factors through wy. As explained in Re-
mark 3.2.8, the issue with composite level is that the right-hand vertical map may no
longer be injective. The main effort of this section is to compute the kernel of this
map.

Recall that Gy 1= mn(A) is the image of (5.1.1). We need a bit more notation to
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show the corresponding statement for A = E(A) (under an additional hypothesis).
Let

Zpwmy) ={a € E:ordy(a) >0foralp|MN} CFE (5.1.3)

be the localization of Zg at the ideal 91 (all elements coprime to 9t become units).
We recall Lemma 3.2.3. Suppose that 91is coprime to $0pg. Then for s = a, b, c,
we can write

A +2 =002 € EX (5.1.4)
with:
° v, € Zy () well-defined up to multiplication by an element of ZEQ(W), and

o 0, € £, well-defined up to Z, -

If 91 is coprime to 2abc, then we may take 0, = 1 and vy = A\, + 2.
Moreover, a prime p | M (necessarily unramified in F') splits completely in F' if

and only if the Kronecker symbols (vs |p) = 1 are trivial for all s = a, b, c.
Proposition 5.1.5. If p { B0pg, then A is split at the prime p.

Proof. For simplicity, we suppose that a > 2; when a = 2, the proof can be modified
as in Lemma 2.2.5. Consider the completed order A, := A ®z, Zg,. We will find an
order A; 2 A, with trivial reduced discriminant; this implies the statement.
Consider the Zgy-submodule A, of A, generated by 1 and &} := (02 + 1)/6, for
s = a,b,c with 05 as in (5.1.4). A direct calculation similar to that for A shows
that A, is a Zgy-order. Recalling the calculation of the reduced discriminant [21,

Lemma 5.4], we have

trd([0q, 0p)0c) = B;
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therefore discrd(Ay) is generated by

(5, 55 = 2222

But (A\es/0,)* = v, € ng, 50 (A2 A2 A2e)/(0,0,0.) € Zg’p as well. We are given p 1 3,

so ordy(A;) = 0 and A is split at p. O

Remark 5.1.6. The coprimality hypothesis in Proposition 5.1.5 is natural. If p | 3,
then for any prime B of Zp over p, the local order Oy := O®z,, Zpgy is not isomorphic
to My(Zpy) (else it would have trivial reduced discriminant). Similarly, if p | 0p g,
then p | AogAapAae (and AgpAg. if @ = 2) and so p may divide the reduced discriminant
of A [21, Corollary 5.17].

From Proposition 5.1.5, the restriction of my to A®) gives a map
T A® = SLy(Zg /M) /{£1}. (5.1.7)

Let ng) = m(A®) be the image and I'® (M) = ker my N A® the kernel (of the
restriction).
Further, let
Wy = AJAPT(M). (5.1.8)

Corollary 5.1.9. The following diagram is commutative and has exact rows and
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columns:
1 1 1
1—TAM) ——T (M) —T(N)/TAM) — 1
1 A2 A AJAD — 1 (5.1.10)
™
1 Gg?) Ga Wa 1
1 1 1
Proof. The proof is immediate. m

Let Gy := m(A) < PGLy(Zg/M) be the image of my. Before we characterize
Gy, we note one additional feature.
The right-hand vertical map in (5.1.2) has kernel the center Z(SLa(Zg/NM))/{£1}

consisting of unsigned scalar matrices of determinant 1, a group isomorphic to

Ty = (Zg)N) J{EL N Zg/N) <2, (5.1.11)

the quotient of (Zg/MM)* by the subgroup generated by squares and +1. Let U5 € Zy

be the image of v, for s = a, b, ¢, well-defined by Lemma 3.2.3.

Corollary 5.1.12. If Gy < PSLy(Zg/N), then mn factors through a lift

To1: A — SLQ(ZE/W)/{:tl}

Proof. We may take vy = 1 in Lemma 3.2.3 for all s = a, b, c. ]

o7



5.1 EXTRA SETUP

Corollary 5.1.13. Suppose that M is coprime to 0pp. Then there is a commutative

diagram

1 Gg?) Gy Win 1

l Pgn l (5.1.14)

1 —— PSLy(Zg /M) —— PGLy(Zg /M) < (Zg )N ) (Zg /)2 —— 1

and the map my fits into a diagram

A il Gor < SLy(Zp /NZp) /{£1}

(5.1.15)
Gy < PGLy(Zg/M)

Proof. Returning to the proof of Lemma 3.2.3, we now rescale the map (2.3.1) by

sending &s — (02 + 1)/6, when s # 2 (modified similarly when s = a = 2); then

A2, A+ 2
02— ¢

s

nrd((62 +1)/6,) =

=0, € L} - (5.1.16)
The reduction modulo 91 yields the map 7f; : A — Gy. The restriction to Gg) maps
to SLo(Zg/M)/{£1} which surjects onto PSLy(Zg/MN). O

Remark 5.1.17. Understanding the bottom row of (5.1.10) turns out to be quite

involved when 91 is composite, owing to the following issues:

e We have equality Gé?) = SLo(Zg/M)/{£1} when D is prime, but only an in-

clusion Ggf) < SLy(Zg /) /{£1} when D is not coprime to 6;

e The natural map SLo(Zg/M)/{£1} — PSLy(Zg/M) (vertical maps in (5.1.14))

has a nontrivial kernel when 91 is not prime, leaving several possible interpre-

o8



5.1 EXTRA SETUP

tations of the Borel-type subgroups (coming from additional involutions).
We begin by describing the finite quotient Wy.
Lemma 5.1.18. The following statements hold.

(a) The group Wy is an elementary abelian 2-group of rank at most 2. More pre-

cisely, Wy is isomorphic to the subgroup of Gal(F' | E) generated by the set

{Frob, : p | 9 odd} U {Froby : p | M even and ord, (M) > ord,(4)}.

(b) The group Wy < (Z/2Z)? is effectively computable.

(c) Let My := N/(2Zg + N). Suppose that a # 2 and for all s = a,b,c we have
Aos & MoZp. Then Wy = AJAP).

The exceptional levels 9 in Lemma 5.1.18(b) where the hypotheses do not hold
are Gal(F'/E)-invariant divisors classes of one of 2)q5 for s = a, b, ¢, so the associated

(a, b, c) are finite in number; we call such 91 lamentable.

Proof. We recall that F' = E(Agq, Aop, Aoe) Where A3, = A\, + 2. We start showing
part (a). By hypothesis, the ideal p | 9t is unramified in F. If p | 91 is even then
vs = 1 (mod 4Zg) for s = {a,b,c}. If p¢ || M is odd, it follows that u, € (Zg/p°)**
if and only if the element Frob, € Gal(E(\y)|E) is trivial; and for p¢ || 91, we
automatically have us € (Zg/p®)*? whenever e < ord,(4), and when e > ord,(4), we
have ps € (Zg/p©)*? if and only if Frob, € Gal(E()gs) | E) trivial. We conclude by
the Sun Zi theorem (CRT).
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For (b), we can compute the quaternion order O explicitly and compute the map
(5.1.1) by recognizing the matrix ring [73]. The quotient is finite; hence we can
compute the image of the subgroup of squares and then the quotient.

Finally, part (c) follows from part(a). O

Putting together Corollary 5.1.13 and Proposition 5.1.5, the right-hand vertical

map of (5.1.2) sits in an exact sequence

det

1 = po(Zg /M) /{£1} = SLy(Zp /M) /{£1} — PGLy(Zp/N) <5 (Zg/N) <% = 1
(5.1.19)
where us(R) := {z € R* : 2* = 1} for a ring R.

Applying these to (2.3.1), we obtain the following corollary.

Corollary 5.1.20. If p { Bopg, the diagram

1——=TO(M) A®) SLy(Zg /M) /{£1}

1——T (M A SLo(Zp/NZE)/{£1}
18 commutative, with exact rows.

Proof. In the bottom row of (2.3.1), we have isomorphisms O/NO ~ My(Zp/NZF)
and (O/NO) /{+1} ~ SLy(Zr/NZF)/{£1}. The top row is similar, applying Propo-

sition 5.1.5. ]

60
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Section 5.2
Admissibility

We recall the definition of admissibility (Definition 3.3.4). Given a triple (a, b, ), an

ideal 9 C Zg(ap,c) is admissible for (a, b, c) if
e M is coprime to discrd(A)dp g, and
e the order of myn(ds) is equal to s for all s = a, b, c.

In this section, we study admissible triples and, given an inadmissible triple, we find
its corresponding admissible triple. To do so, we explicitly describe the order of the
images of the A(a,b,c) generators under the map my from (5.1.15). We record our
findings in Proposition 5.2.4 and Corollary 5.2.7. In order to prove the proposition,

we need the following technical lemmas.

Lemma 5.2.1. Let p be an odd prime. Let F' be an abelian number field which
contains Gy but not Cpe+r with k > 1. Let pr be a prime ideal of Zp above p and

e > 1. Then the smallest r > 1 for which (), =1 (mod pg) is

&(p, k,e)p,

where

é-(pv k, 6) = pmin(o,ﬂogp(e)],k).
In particular, we have that (x =1 (mod p$) if and only if e = 1.

Proof. Let s := pF. Since F is abelian over QQ, we can write it as a compositum

F = KL, where K := FNQ((y) and L is such that Q({y~) N L = Q. In particular,
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p does not ramify in L. Thus, the ramification of p in F' is measured only by the
ramification of p in K.

Let B be a prime of K above p. We have 8 = ({; — 1). Hence, (;, = 1 (mod B)
if and only if e = 1.

Now we assume that e > 1. The order of ¢, modulo B¢ divides p*. We have CZ’)’ . 1S
a p¥~1-th primitive root of unity in K. Thus, the element Cﬁ . — 1 is a uniformizer in
the subfield K’ := Q((yx-1). We have [K : K'| = p, and the prime above p is totally
ramified in this extension. This implies that Cg . — 1 € BP. We can keep on going
until the power of P is larger than e, or until the subfield is Q(¢,). Thus, the order

of ¢, modulo Re is £(p, k, e)p* as desired. O

Recall that given a number field L and a prime ideal p, we denote the completion

of Z;, at p by ZL,P'

Lemma 5.2.2. Let s > 1, let L be a number field containing a primitive root of unity
Cos of order 2s, let p be a prime ideal of L, and let M € GLy(Zy ) be a matriz with
characteristic polynomial x> — \ysx + 1. Then there is an (integral) change of basis

such that M is conjugate over GLy(Z ) to

C2S _<228
0 G

(5.2.3)

Proof. The regular representation gives an integral change of basis to the matrix in

rational canonical form as

0 —1
1 /\25

(see [74, (30.5.4)]). We can (integrally) make a change of basis to get this matrix to
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be upper-triangular by conjugating by the matrix

CQs 0

1 G
to obtain the matrix in (5.2.3). O
Proposition 5.2.4. Let (a,b,c) be a hyperbolic triple with a,b,c € Z>o. Let pp be a
prime ideal of Zr and e > 2. Let p be the prime below pr and assume that p # 2.

Let Mys € GL(Zpy,.) be a matriz with characteristic polynomial 22 — \ogx + 1 for

25 = sop® with p1 sg and k > 0. Then the order of the reduction of My, modulo p% is

(

S0, if e=1 and s is not a power of p;

2-p, if e=1 and s is a power of p;
ord, (M) :=

2-s-&(p,k,e) if e > 1 and e is not a power of p;

2-s-p-&(p,k,e) ife>1 ande is a power of p.

\

where &(p, k,e) is as before if k > 1 and £(p,0,¢) = 1.

Proof. The case e = 1 follows from Proposition 3.3.5.
Let P be a prime ideal of F((y5) above pr. We can use the injective group

homomorphism

SLy(Zrpy) = SLa(Zr(e)m)

to consider M as en element of the ring Zg,,) . This does not change the order of
M because of injectivity.

We write 2s = sop*, where p 1 so. By the Sin Zi theorem (CRT), the order of (s,

63



5.2 ADMISSIBILITY

modulo B¢ equals the product of the orders of (;, and (,» modulo B°¢. Since p { so,
the order of (g, is so modulo B¢. By Lemma 5.2.1, the order of (,» modulo B¢ is

£(p, k,e)p®. In total, the order of (y, is

ri= 80§(p7 k7 e)pk = Sé-(p7 ka 6).
By Lemma 5.2.2, we have that M is conjugate to the matrix

2
Mo | T (5.2.5)

0 &
Thus, the orders of M and M, are equal. By recursion, the matrix M has diagonal

[¢L., (] and upper-right entry equal to

t—1

=0

Thus, the smallest power of M that has diagonal entries equal to 1 is r. In this case,
the upper-right entry equals
(<225)T —1

_ 3
<2S CQS _ 1

Since p # 2, then (¢3,)" — 1 = ((os — 1)". By the proof of Lemma 5.2.1, the quotient
belongs to B¢ only when e is not a power of p. Otherwise, the proof of Lemma 5.2.1
allows us to conclude that the upper-right entry of M is zero modulo B¢, so the

order of M is rp. O

Remark 5.2.6. Proposition 5.2.4 does not deal with the case s = co. We believe that

in this case, the order is the same as the order when s = p¢. We hope to show this in
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upcoming work.

Corollary 5.2.7. Let (a,b,c) be a hyperbolic triple with a,b,c € Z>y. Let Ng be an
ideal of Zp with nZ = Np N Q and n = pi* - - - pir where p; # p; for i # j. Recall the

homomorphism g from (5.1.15). Then the order of moq(ds) € PSLo(Zp/NZF) is

lem {ordS (M)}

=1

Proof. The result follows immediately from Proposition 5.2.4 and the Sun Zi theorem

(CRT). O
The upshot of Corollary 5.2.7 is that redundancies like in Example 3.3.2 do not
arise under the admissibility hypothesis.
Theorem 5.2.8 (Clark—Voight). Suppose that either
e (a,b,c) is arithmetic, or
e for all primes p | M with Nm(p) < 3 we have p || N.

Then mﬁ(Gfﬁ)) = PSLy(Zg /M) and
To(Gyn) = {v € PGLo(Zg/M) : det(v) € (£Us : s # 2)}.

Proof. When p { discrd(A)B0p|g, this follows from Theorem 3.3.1. The group Gy
maps onto PSLy(Zg/p) or PGLy(Zg/p) for each p | M according as p splits in F DO F

or not; but this is exactly measured by the group (+0s : s # 2), by Lemma 3.2.3. O

Remark 5.2.9. We note that, in the same way as in section 3.4, some hyperbolic
triples are inadmissible and reduce to non-hyperbolic triples. When considering com-

posite level, the problem of characterizing these triples is more challenging, and this
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phenomenon is rare. Since these cases fall out of the scope of this project’s interest,

we do not study these triples.

Section 5.3

Congruence subgroups

In the same way as for the curves X;(a, b, ¢; p) for i = 0, 1 and p prime from section 3.5,
we define curves X;(a, b, ¢; M) for 9 not prime and ¢ = 0, 1. We stress some of the new
features of this definition. We have analogous definitions of the Borel-type congruence
subgroups Iy and I'; as follows.

Let

a

ca,b,d € Zp/M and ad € (Zg/N)* » < GLo(Zg /M) (5.3.1)
0 d

be the upper-triangular matrices in GLy(Zg/M), and let Hyqy be its image in the

projection to PGLg(Zg /). Similarly, let

a,b € Zp/Mand a' =1 p < GLy(Zp/N) (5.3.2)

be the upper unipotent subgroup and H; o again its image in PGLy(Zg/MN).
There is an essential difference that goes back to the issue presented in Re-

mark 3.2.8. We define the subgroups

F0<a7 ba G, m) = 90‘;{1 (HD,‘J?), (5 5 3)

I (a,b,¢; M) = oy (Hi ).
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We then get the corresponding quotients

Xo(a,b,¢;M) :=To(a,b, c; M\H = Hym\X'(a,b, c;N)

(5.3.4)
X (a,b,¢;0) 1= T (a,b, & O\H = o\ X' (a, b,c; 9)
and natural quotient maps
X(a,b,c;MN) — Xi(a,b,¢;N) — Xo(a,b,c;N) = X(a,b,c;1) ~ P (5.3.5)

The reason for the prime superscript is explained by the following lemma. Recall
that for a subgroup H < G, the normal core is ﬂgeg g 'Hg, the largest normal

subgroup of G contained in H.
Lemma 5.3.6. The following statements hold.

(a) The normal core of the subgroup (5.3.1) in GLo(Zg/N) is the central subgroup

of scalar matrices, isomorphic to (Zg/M)*.

(b) The normal core of the intersection of SLo(Zg /M) with the subgroup (5.3.1) is

a 0O
ca€Zg/Manda® =1 p ~ py(Zg/N). (5.3.7)
0 a

(¢) The normal core of (5.3.2) in GLa(Zg /M) (and in SLa(Zg/N)) is trivial.

Proof. For part (a), we see that every matrix in the normal core must be upper
triangular with the duplicate entries in the diagonal by taking ¢ as the identity in
(GG. By taking g as a lower-triangular matrix with non-zero entries equal to 1, we

conclude that any element in the normal core must be a scalar matrix. Moreover,
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scalar matrices are clearly in the normal core, so these sets must be equal. Part (b)

follows immediately from this, and a similar argument gives part (c). O

By Galois theory, the normal closure of the fixed field of a subgroup H > G
in a GG-Galois extension is the fixed field by the normal core of H. In our case,
since the quotients by the normal core in cases (a) and (b) are PGLy(Zg/9) and
PSLy(Zg /M), respectively, we can work directly with the reduction map my for the
curves Xo(a, b, ¢;0M). The same is true for X/ (a, b, c; N) when ps(Zr/MN) = {£1}; this
is why we did not encounter this issue for prime level in section 3.5.

In general, when pus(Zg/M) > {£1}, to define the curves X;(a,b, c; M), we work
as follows. Recalling Corollary 5.1.12, in the special case where Gy < PSLy(Zg /M),

we have a lift to SLy(Zg/M)/{£1}, so we repeat all of the above definitions but take

b€ Zp/M Y < GLy(Zp/MN) (5.3.8)

and its the image H; o in SLo(Zg/M)/{£1} and define

Xl (CL, b7 G m) = F1<a7 b7 & m)\H = Hl,‘ﬁ\X(a7 b7 & m) (539)

We obtain quotient maps as in (5.3.5) with the additional map

Xi(a,b,e; M) — Xi(a,b,c;N). (5.3.10)

Our strategy to compute the genera of the curves Xy(a, b, ;M) and X (a, b, c; N)

will be similar to the one from the previous chapter. We first describe the ramification

68



5.4 ALGORITHM

and degree of the cover Xy(a, b, c; M) — P! and then exploit that to describe the cover
X{(a,b,c;M). The final step is studying the cover Xi(a,b,¢;N) — X{(a,b,c;N), a

cover of at most degree 2.

Section 5.4

Algorithm

Let 91 C Zg be a nonzero ideal. For any prime p | 91 dividing 91, there is a cover
Xo(M) — Xo(p), so by the Riemann-Hurwitz formula, if Xg(a,b,c;91) has genus
bounded above by g then so does X¢(a, b, ¢;p). In this section, we present an algorithm
to compute the genus of Xy(a,b,c;9). We also show that there are finitely many
admissible curves Xy(a, b, c; M) of bounded genus.

The main difference with the prime level case is that the Galois group G of the
cover Xo(M) — P! is not necessarily isomorphic to PXLy(F,) (see Theorem 5.2.8).

We now present an algorithm to compute this group explicitly.

Algorithm 5.4.1 (Compute Gy).

Input: a hyperbolic triple (a,b, c) € (ZsoU{oo})? and a nontrivial, admissible, nonzero
ideal N C Zg.

Output: returns true and the group Gy = mn(A) if M is coprime to discrd(A) and

Bopg. Otherwise, it returns false.

1. For every prime divisor p of N do the following. Compute the residue field degree
of p|MN in E(a,b,c) and the residue field degree of p' in E(a*, b, c*), where p’ is

an ideal of E(a*,b*, c*) above p. If these are different, return false.

2. If M is not coprime to $0p|g, return false.
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3. If discrd(A) is not coprime to N, return false.

4. For all prime powers exactly dividing N (p¢ || M), compute a ring homomor-

phism 1,: A — My(Zg /p°).

5. For each p | M, find the (matriz) image of 1,(d5) for s = a,b,c by using

Lemma 5.2.5.

6. Using the Sun Zi Theorem (CRT)

Lot : A — MQ(ZE/m) ~ H M?(ZE/pe)
el

compute tn(ds) for s = a,b,c.

7. Let Gy be the subgroup of PGLa(Zg/MN) generated by the elements tn(9). If G

contains PSLo(Zg/MN), return true, else return false.

Proof of correctness. This algorithm computes Gy by definition. Step 1 ensures that
the group is Borel-type (so the triple is admissible) and this step can be done in
a finite field extension (see [56]). Step 4 can be computed following Voight [73,
(IsMatrixRing)]. O

A Magma [17] implementation of this algorithm is available online [34]. With
this algorithm, we can compute the image Gy and thereby the genus of any curve

Xo(a,b, c;MN).

Algorithm 5.4.2 (Compute the genus of Xy(a,b, c;MN)).
Input: a hyperbolic triple (a,b,c) € (Zso U {00})® and a nontrivial nonzero ideal

N C ZE(a,b,c)'
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Output: returns true and the genus of Xo(a,b,c;N) if M is admissible. Otherwise,

1t returns false.

1. Run Algorithm 5.4.1 for (a,b,c) and N. If false, then return false. If true,

let Gy be the algorithm’s output.

2. Find the action of each d, = 13 (0,) on G/ Hy for s € {a,b,c}. This description

gives the ramification of the degree #Gx/Hy cover Xo(a, b, c; M) — PL.
3. Use Riemann-Hurwitz to compute the genus of Xo(a,b, c;N).

Proof of correctness. Follows by the definition of Xy(a,b, ;M) and the Riemann—

Hurwitz formula. O

This algorithm provides an independent way to check the results of section 4.5.
Giving a formula for the composite case is more complicated since the structure of

Gy may be more complex, and the ramification behaves differently.

Lemma 5.4.3. Let Y — X be a map of degree greater than 1 with genus(X) > 2.

Then we have

genus(Y') > genus(X). (5.4.4)
Proof. Follows immediately from the Riemann-Hurwitz formula. ]

Lemma 5.4.5. Let (a,b,c) be a hyperbolic triple and let N be a nontrivial ideal of E.
If Xo(M) has genus g, then for all primes p | N, the curve Xo(p) has genus bounded

above by g.

Proof. It follows from the existence of the cover Xo(M) — Xo(p) and the Riemann-

Hurwitz formula. O
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From Lemma 5.4.5 and Corollary 4.4.6 we can conclude that if the genus of X(N)
is bounded by g, then the list of possible prime ideals that can divide 91 is finite.
The list of triples and prime divisors of 91 can be computed explicitly using Algo-
rithm 4.5.2. It remains to show that the power of the primes dividing 91 can be

bounded above.

Algorithm 5.4.6 (Enumerate curves Xy(a, b, c;0N) of bounded genus).
Input: an integer go € Z>y.
Output: The list of all hyperbolic triples (a,b,c) and admissible nontrivial ideals N

such that Xo(a,b, c;N) has genus bounded above by gq.

1. Use Algorithm 4.5.2 to enumerate the finitely many hyperbolic triples (a,b,c)
and admissible prime ideals p that give rise to curves Xo(a,b,c;p) of genus

g < go. Add to this list the triples (3.4.1), namely

(3a 37 3; p3)a (27 37 3; p3)a (27 37 4; p3)7 (27 37 5; p2)> (27 37 5; p5)

2. For each (a,b,c) on the list, set Lprime, L, and lowGenus as the list of all prime
ideals that appear on the list from Step 1 associated to (a,b,c). Then repeat the

following step until the list L is empty.

3. Initialize the empty list Lnew. For each element I of L do the following. For
each prime ideal p of Lprime, let p be the prime of Z below p. Use Algo-
rithm 5.4.2 to compute the genus g of the curve Xo(a,b,c;N-p). If g < go, then
add (a,b, c;Np) to the lists LowGenus and Lnew. If N+ p = Zg, then compute

the genus ge, ey.e. 0f the curves Xo(a - p®,b-p®, c-p°; M- p), where es € {0,1}
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fors € {a,b,c}. If gepepe. < go, then add (a-p®,b-p, c-p;MN-p) to the lists

lowGenus and Lnew. Once done with all possible products, set L equal to Lnew.
4. Return the list lowGenus.
The following lemma is necessary to prove the correctness of the algorithm.

Lemma 5.4.7. If Algorithm 5.4.6 terminates for go = 1, then it terminates for all

go > 0.

Proof. Given gg > 2, the genera of the curves Xy(a,b,c;9p) in Step 3 are 0, 1, or
at least 2. However, there are only finitely many such curves with genus 0 or 1 by
assumption. Lemma 5.4.5 implies that when the genus of (a,b,c;MN) is g > 2, the
genus of the new curve with level 91 - p must have strictly larger genus. Hence the

process of multiplying by prime ideals in Step 3 will stop eventually. m

Proof of correctness of Algorithm 5./.0. By Lemma 5.4.5, every curve Xy(a,b, c;N)
with genus g < go covers the curve Xq(a, b, c;p) with genus bounded above by gy and
p any prime ideal dividing 1. This ensures that starting with the list in Step 1 allows
us to enumerate all possibilities. By Corollary 5.2.7, if 9 is admissible for (a, b, ¢),
then 91p is admissible for (ap®, bp®, cp®), where e, € {0,1} for s € {a,b,c}.

We run a Magma [17] implementation of Algorithm 5.4.6 with gy = 1. This process
terminates and gives a finite list of triples and ideals. Then Lemma 5.4.7 implies that

the algorithm terminates for all gy > 0. [

Remark 5.4.8. Our Magma [17] implementation to enumerate curves Xo(a, b, ¢;0N) of
genus 0 and 1 is time and memory-consuming. For a faster algorithm, see the ideas

in section 5.7.
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Proposition 5.4.9. For any integer gy > 0, there are finitely many triangular mod-
ular curves Xo(a,b,c;N) of genus bounded above by gy with (a,b,c) € (Zsy U {o0})?

hyperbolic and N admissible.

Proof. Running Algorithm 5.4.6 for go = 0 and gy = 1, we find that the algorithm
terminates (with finitely many curves output). The correctness then follows from

Lemma 5.4.7. O

Our implementation of Algorithm 5.4.6 is available online [34].

Section 5.5

Triangular modular curves Xi(a,b, c;N)

We first study the curves X/ (a, b, ¢; 0N) and prove the finiteness result and correspond-
ing enumeration algorithm for these curves. Afterwards, we recall that we have an
additional map Xi(a,b,c;MN) — X/(a,b,c;M) as in (5.3.10). This map is at most a
degree two cover and we completely characterize it in terms of (a,b,c) and D. This

allows us to conclude with the same kind of results for curves X (a, b, c; ).

Algorithm 5.5.1 (Genus of X/ (a,b, c;N)).
Input: a hyperbolic triple (a,b,c) € (Zso U {o0})® and a nontrivial nonzero ideal N
of E such that N { Bopg.

Output: the genus of X|(a,b,c;N).
1. Compute Gy from Algorithm 5./.1.

2. Find the action of each 85 on Gy/Hy for s € {a,b,c}. This gives the ramification

of the cover Xi(a,b,c;N) — PL. The degree of this cover is #Gn/H;.
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3. Use Riemann-Hurwitz to compute the genus of X (a,b,c;N).
Proof of correctness. Follows from the Riemann-Hurwitz formula. m

Algorithm 5.5.2 (Enumerate curves X/ (a,b, c;N) of bounded genus).
Input: an integer gy € Zx.
Output: a list LowGenusX1 of all hyperbolic triples (a,b,c), admissible ideals N such

that the genus of X/ (a,b,c;MN) is g < go.

1. Loop over all hyperbolic triples (a,b,c) and ideals M such that Xo(a, b, c;N) has
genus bounded above by go. This list can be obtained from Algorithm 4.5.2,

Proposition 5.4.9, and Proposition 3./.1.

2. For each triple (a,b,c) and ideal M of the previous step, compute the genus g of
Xi(a,b,c;N). For this, use Corollary 4.0.4 if M is prime, or Algorithm 5.5.1

otherwise. If g < go, add (a,b,c;N) to the list LowGenusX1.

Proof of correctness. For all hyperbolic triples (a, b, ¢) and ideals 91 there are maps
Xi(a,b,e;MN) — Xo(a,b, ;M) as in (5.3.5). Thus, the only curves Xj(a,b, ;) that
can have genus g < go must be covering curves Xy(a, b, ¢; 0N) of genus bounded above

by go- L]

Ezxample 5.5.3. In fact, there are only two examples of potential genus < 2 curves
of the form X/ (a,b,c;9) with 9 composite: namely, with (a,b,¢) = (2,3,7) with
N = p? with Nmp = 7, and (2,4,5) with 91 = p? with Nmp = 5.

In the first case, we have g(Xy(2,3,7;p?)) = 1 with elliptic points of order 3, and
g(X}(2,3,7;p)) = 0 with three elliptic points of order 7. It follows that X|(2,3,7;p?)
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has no elliptic points, so with the degree of the cover being 56 - 21 = 1176 we get

g(X1(2,3,T:p%) =1+ —— - — =15,

A similar argument applies in the second case: for Xy(2, 4, 5; p?) we have genus 2
with two elliptic points of order 2 and for X7(2,4,5;p) we have genus g = 0 with four

elliptic points of order 5; the degree is 30 - 10 = 300 and

300 1
X1(2,4,5:p*)) =14+ — . — = 16.

Remark 5.5.4. As noted in section 5.3, the cover Xi(a,b,c;N) — Xi(a,b,c;N) is
not an isomorphism only when the group Gy is contained in PSLy(Zg/M) and
o (Zg /M) # {£1}. This is, 9 is the product of at least two distinct primes and
for all primes p|N, we have Gy, = PSLy(Zg/p). In this case, we can use Lemma 5.3.6

to compute the degree of the cover and the genus of X;(a,b,c; ).

Section 5.6

Main theorem

We are now ready to present the main result of this part of the thesis.

Theorem 5.6.1. For any g € Z>, there are only finitely many Borel-type triangular

modular curves Xo(a,b,c;N) and Xi(a,b, c;N) of genus g with nontrivial admissible
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level M # (1). The number of curves of genus at most 2 are as follows:

Genus 0 1 2

Xo(a,b,e; M) || 71| 190 | 153

Xi(a,b,c;M) | 28| 51 | 36

Proof of Theorem 5.6.1. By Proposition 5.4.9, there are only finitely many curves
Xo(a,b, ;M) with nontrivial admissible level 91 and genus g < g¢o. Since every
curve X|(a, b, c;MN) covers Xy(a, b, c;MN), the same is true for X (a, b, c;MN) (see Corol-
lary 4.6.1).

For the computation, we run Algorithm 4.5.2 with gy = 2, adding extra cases
according to Proposition 3.4.1. The composite cases can be computed explicitly using
Algorithm 5.4.2. To finish, we run Algorithm 4.6.5. We implement this enumeration

in Magma [17], and the code is available in [34]. O

— Section 5.7
Future work: computing monodromy with

embedding numbers

We fix a hyperbolic triple (a, b, ¢) which is admissible for an ideal 91. Algorithm 5.4.2,
the algorithm to compute the genus of X,(9), is intricate and computationally expen-
sive. In contrast, for curves that are arithmetic, this computation is more straightfor-
ward: the ramification of the covers of P! is entirely described by embedding numbers
(for example, see [74, section 39.4]).

In this section, we suggest a method to show that the same is be valid for triangular

modular curves; the genus of X,(9) is also be described by embedding numbers. The
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primary tool we use is strong approximation. This section is work with John Voight.
To make notation in this section simpler, we define the following piece of notation.

Given a group G and x € GG, we define
x% = {y ey :y € G}.
We recall the task at hand is. By (5.3.5), there is a cover
Xo(M) = To(M\H — A\H =P

The ramification of this cover is described by the existence of nontrivial stabilizers
(under conjugation) of subgroups of A of finite order. We note that from the structure
of A, a subgroup of finite order is conjugate in A to (¢°) for s € {a,b,c} and 1 <
i <'s. Thus, our task is to count the number of I'y()-conjugacy classes of (52)A for
s € {a,b,c} and 1 < i < s. The goal of using strong approximation is to bring this

computation to a question about conjugacy of matrices over a ring.

Strong approximation

The main result we will use is the following.

Theorem 5.7.1 ([21], Theorem C). Let p 1 2abc be a prime ideal of E. Recall the
map t, : A(a,b,c) = PXLy(Zgy). Then the image of v, contains a dense subgroup of
PXLy(Zg,y).

Remark 5.7.2. Instead of working with the triangle group A(a, b, c), we can consider
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the theory of triangular modular curves by using extended triangle groups
A 1= (04,0, 00, —1 ] 09 = 60 = 6° = 0,600, = —1, (=1)> =1, and — 1 € Z(A)).

Proving strong approximation in this setting will allow us to avoid having to distin-

guish between the groups PSL and PGL.

For the rest of this section, we restrict to the case when there is a surjective map

A — PSLy(Zgy) for all p | M.

Lemma 5.7.3. Let G be a group and let H and H be subgroups of G such that H is

a subgroup of H and H is normal in G. Let x € G, then the H-conjugacy classes in

G

Y are in bijection with the H/ﬁ[—conjugacy classes in (xH)G/ﬁ.

Proof. We assume that r € G and that there is h € H with h='zh = r~'zr. Then it
is clear that zH is conjugate to (r'H)(zH)(rH) by hH. Now, we assume that zH

and that there is hH with h € H such that
h'HzHhH = g_lﬁxﬁgﬁ.

Then, there is H € H with (hg~') " z(hg™) = h. This implies that z and g~'hg are

conjugate by h € H, concluding our proof. O]

Now we setup some notation for the next proposition. Let R := Zgyn and let B

be the quaternion algebra My(R) with order
)
0= € My(R) :z,y,w € R,z €N
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Proposition 5.7.4. Let §; be one of the generators of A with s € {a,b,c} and let
1 <i < s. Then the T'y(MN)-conjugacy classes of (5§)A are in bijection with the O-
Ol
)

conjugacy classes of (M)~ , where M, is a matriz with characteristic polynomial

22 — Nyex + 1.

Proof. By strong approximation, there is a surjective map A — PSLy(Zg/M). Let
Hj be the image of T'g() and let M be the image of §; under this map. Then M has
characteristic polynomial 22 — Ao,z + 1. Applying this map, we have that the number

(6§)A/ "o g equal to the number of Ho-conjugacy

of T'y()-conjugacy classes in
: i\PSLa(Zg /M) : :

classes in (M?}) . But PSLy(Zg /M) is a quotient of SLo(Zgn) (and under

this quotient, Hy is the quotient of Hyy). Using Lemma 5.7.3, we conclude that the

number of conjugacy classes we are seeking equals the number of O-conjugacy classes

of (M), O

Embedding numbers and monodromy

We maintain the assumption that there is a surjection A — PSLy(Zg/M). Before
we prove our result, we present the basic theory of embedding numbers based on [74,
section 30.3].

Let R be a local field. The theory of embeddings can be studied more generally
for R a Dedekind domain, but focusing on local fields is enough for our purposes.
Let m be the maximal ideal of R and let k& := R/p be its residue field. Assume
F := Frac(R) and let B be a quaternion algebra over F. Let K be a separable
quadratic F-algebra such that K — B. We are interested in studying a special set of
embeddings ¢ : K — B. For that, we need to consider O C B a quaternion R-order
and S C K a quadratic R-order. We denote Embg(S,O) as the set of embeddings

of S into O as R-algebras. We note that an embedding S < O gives an embedding
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K — B by extending scalars.
Since R is local, the R-order S is free, so S = R[y| for some v € S. Let f,(x) :=

x? — t,x 4+ n, be the minimal polynomial of v and let d, be its discriminant.

Definition 5.7.5. An R-algebra embedding ¢ : S < O is optimal if
p(K)NO = ¢(S5).

Let I' be an order such that O < T' < N« (0O). Then we have an action of I' on

Embg(S, ©O). For any v € I" and any optimal embedding ¢ € Embg(S, O), we have

a7y ().

Then we define Emb(S, O;T") as the set of I-conjugacy classes of optimal embed-

dings S — . Since we will be interested in counting them, we define
m(S,O; ) := #Emb(S, O; ).

To see formulas for computing optimal embedding numbers, see for example [74,
section 30.4].

Now we are ready to come back to our problem of computing ramification.

Proposition 5.7.6. Let M, € SLy(Zgxn) be a matriz with characteristic polynomial
2% — Xosx + 1. Then the number of O-conjugacy classes of (MS)O1 15 given by a sum

of optimal embedding numbers:

> m(s,0;0"

S2R[M;]
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Proof. By definition, the number of O-conjugacy classes of (]\/[S)O1 equals the number
of embeddings from R[M,] to O up to conjugation by O'. Now, let ¢ : R[M,] — O
be an embedding. Then, S := ¢! (¢(R) N O) is the unique order such that S can be

optimally embedded to O up to conjugating by O*. O
We conclude with a computation of the ramification of the cover Xy(91) — P

Corollary 5.7.7. Let (a,b,c) be a hyperbolic triple which is admissible for an ideal
M. Assume that there is a map A — PSLo(Zg/M). Then the ramification of the

cover Xo(M) — P! above the point corresponding to s € {a,b, c} is given by

k-1 > m(S,0,0, (5.7.8)

1£t]s SDR[M;]
#S¥/R*=s

where My € O is a matriz with characteristic polynomial x* — Xgex + 1.

Proof (sketch). Let m; be the number of cycles of order ¢ and assume that m; > 0.
The order of each subgroup is determined by the trace of its generator. If ged (i, n) =
1, then the the trace of ¢ is the same as the trace of §, modulo 91. This is why
we restrict to divisors of s. Now, to ensure that the cycles have exactly order ¢, we

require #S* /R* = s. Then, the result follows from the previous discussion. m
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Geometric quadratic Chabauty
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Chapter 6

Preliminaries

We first present an overview of the geometric quadratic Chabauty method and in-
troduce different incarnations of the Poincaré torsor. This work is joint with Sachi

Hashimoto and Pim Spelier and is part of [32].

Section 6.1

Overview and Setup

We first set up some notation and give a broad overview of the geometric quadratic
Chabauty method, then outline the contents of this part.

Let Xg be any smooth, projective, geometrically irreducible curve over Q with a
proper regular model X of Xq over the integers and a fixed base point b € Xg(Q) =
X(Z). Let X*™ denote the open subscheme of X consisting of points at which X is
smooth over Z; then X*™(Z) = X(Z). Let Jg denote the Jacobian of X¢g and let J
denote the Néron model of Jg over the integers. Suppose Jgp has Mordell-Weil rank
r and Néron-Severi rank p = p(Jg). Let p be a prime greater than 2 not necessarily

of good reduction for Xg.
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The goal in geometric quadratic Chabauty is to lift X into a non-trivial G#; -torsor
T over J through a section j; lying over the Abel-Jacobi embedding j,: X*™ — J.
Over Q we find this section j; by giving a trivializing section of the G?,!-torsor j;Tp
over Xg. If we want to spread this out over Z, there is an obstruction coming from

the multidegree.

Definition 6.1.1. The multidegree of a line bundle £ on a curve C' with geometrically

irreducible components (C;);e; over Q is (deg £|c, )ier-

The map Pic(X) — Pic(Xg) is not, in general, an isomorphism, and j;7" is not
in general trivial over X since its multidegree over the fibers Xy, of X might be non-
zero. This is the only obstruction: the torsor can be trivialized over an open U C X"
constructed by picking one geometrically irreducible component in each fiber Xp, and
removing the other irreducible components. We call these fiberwise geometrically
irreducible open U C X®*™ simple open sets. By [64, Tag 04KV] every irreducible
component of Xp, admitting a smooth Fy-point is geometrically irreducible. Hence
every point P € X®(Z) is contained in U(Z) for a unique simple open U. There is
a finite number (U;);e; of simple open sets that cover X®(Z). For every such open,
the map Pic(U) — Pic(Xg) is an isomorphism. We fix a simple open U and obtain
a trivialization fb U — T lying over jp.

Because G,,(Z) = {£1} is finite, we can expect the closure of T'(Z) inside the
(g9 + p — 1)-dimensional p-adic manifold T'(Z,) to be of dimension at most r. The
image of the p-adic points of U, namely };(U (Zy)), is of dimension 1. Given this 7',
we see the analog of the classical Chabauty’s theorem that applies to curves satisfying

the inequality r < g [20].
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Theorem 6.1.2. [30, section 9.2] When r < g+ p — 1, the intersection

3 (U(Zy)) NT(Z) C T(Zy)

is finite.

Definition 6.1.3. The geometric quadratic Chabauty set X (Z,)geo is defined to be the

union over the simple open sets ¢ € I of ﬁ,*(ﬁ,(Ul(Zp)) NT(Z)) c Ui(z,) C X(Zy,).

The geometric quadratic Chabauty method computes this finite set X (Z,)geo.
working in one simple open U C X and one residue disk of U(Z,) at a time. In
Algorithm 8.1.1 we give an algorithm to determine 7,(U(Z,))NT(Z) to finite precision.

To construct the G !-torsor T over J we start with the universal G,,-torsor. In
our calculations, this takes the form of the Poincaré torsor M over J x J° (this is
a pullback of the Poincaré torsor over J x JV?; for more details see chapter 6. Here

JV0 is the fiberwise connected component of J¥ containing 0.

Remark 6.1.4. When p is a prime of good reduction for X, we have JZ()(p) = Jz,, and
vo _ Vv
JZ(p) a JZ<p>’

By the universality of M*, we want to construct 7" by pulling back M* along

morphisms (id, o;): J — J x JY for i = 1,...,p — 1. Define
m := lem{exp ((J/J°)(F,)) | ¢ prime}, (6.1.5)

where exp(G) € Ns; is the exponent of a finite group G. Note that m-: J — J°
is a well-defined morphism. Any morphism of schemes J — J can be written as a

translation composed with an endomorphism, and hence we choose our morphisms
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a;: J — J° to be of the form m - otr,, of; with ¢; € J(Z) and f;: J — J a morphism
of group schemes.

The torsor T is the product T = [[7—/ (id, oy)* M* as a fiber product over J. We
also let M>**~! be the product taken as a fiber product over J via the first projection
map M* — J x J° — J. In order to embed U through a section ﬁ, U — T, the
torsor 7" pulled back to U must be trivial: that is j;(id, o;)* M must be trivial over
U. The torsor (id, a;)* M* over J can be thought of as the total space of a line bundle
without its zero section, and the condition that its pullback L,, := j;(id, a;)*M* to
U is trivial forces the corresponding line bundle to be degree 0. Equivalently, the

trace of f; must be 0. The condition that L,, is trivial uniquely determines c;.

T M

y l l (6.1.6)
U b J(id,motrci ofi)i

I x (J0)rt

Because the Néron-Severi rank of Jg is p, the Jacobian J has p — 1 independent

non-trivial endomorphisms of trace 0.

Definition 6.1.7. For Y a scheme, S a ring with residue field SpecF,, — Spec S and
Q € Y(F,), we define the residue disk over ), denoted by Y(S)g :={y € Y(S) |y =

@}, to be the set of all S-points specializing to Q.

Let P € U(F,). The residue disk U(Z,)5 embeds into the residue disk T'(Z,) WP
of T" through the section jl; Since p > 2, we have that 1 and —1 reduce to different
points modulo p and hence the map T(Z); 5 — J(Z);, ) is a bijection. By [60,
Proposition 2.3] and the fact that p > 2 the residue disk J(Z);, ) is up to a translation

isomorphic to Zj,. In [36, Theorem 4.10] this bijection T(Z)5 5 — J(Z);, 7 is
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upgraded to a morphism r: Z; — T(Z,) 7 () With image exactly T (Z) 7 (P)-

In this part of the manuscript, we explain how to make the geometric quadratic
Chabauty method explicit in the case where p is of good reduction by giving algo-
rithms to compute 5;) and x in a residue disk as polynomials in parameters up to
finite precision. This process translates the geometric Chabauty method into solving
simple polynomial equations. We also give algorithms to work in residue disks of T’
explicitly using p-adic heights and Coleman integrals. Moreover, by writing the geo-
metric quadratic Chabauty method in terms of p-adic heights and Coleman integrals,

we can prove Theorem C.

Section 6.2

The Poincaré torsor P

A crucial object of study in this part of the thesis is the Poincaré torsor. This has
four incarnations, which we introduce in this section, section 6.3, section 6.4, and
section 6.5. In this section, we present the first incarnation of the Poincaré torsor
736 over Jg X J@f , its biextension structure, and the torsor P* over the integers.
For more details on the Poincaré torsor and biextensions, see [54, section 1.2.5] or
Grothendieck’s Exposés VII and VIII [40].

Given a line bundle £ over a scheme S, there is an associated (G,,-torsor £* defined
by taking the sheaf of non-vanishing sections, and similarly given a G,,-torsor Y there
is an associated line bundle Y R0 Ogs. Applying these associations to the Poincaré

bundle, we obtain the universal (G,,-torsor 736 over Jg X J@f, called the Poincaré torsor.
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Alternatively,

i.e. for a scheme S/(Jg x Jg) we have that Pg(S) consists of isomorphisms of line
bundles Og — (Pg)s. This set Py (S) is an Og(S5)*-pseudotorsor: either empty or
an Og(S)*-torsor.

The Poincaré torsor Py has the structure of a biextension over Jg x Jg, as we
will now explain. Addition in J(é corresponds to tensoring line bundles on Jg. This,
along with the theorem of the square, induces a partial group law on 736. Let S be
a scheme over Q. For z € Jo(S) and y1,y2 € Jg(S) we have a tensor product which

is an isomorphism of G,,-torsors
(2, 191)" Py @ (2,42)" Py — (2,41 +y2)"Pg

that we denote by ®, because we are adding on the second coordinate (while the first
coordinate stays fixed). Similarly since (Jg)¥ is canonically identified with Jg, we

also have the tensor product
(1,4)"Pg ® (22,y)"Pgy — (214 32,9)" Py

called ®;. These two partial group laws are compatible. Let x1, 29 € Jo(S), y1,y2 €
Jo(S), and zi; € (24, y;)* Py (S), for i, € {1,2}. Then

(211 ®2 2'12) ®1 (221 ®q 292) = (211 ®1 291) Q2 (212 ®1 292).
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In other words, tensoring points in the biextension is not order-dependent. Together
with this compatibility, the structure of these two partial group laws over the product
Jo x Jg make Py a Gy,-biextension over Jg X Jg.

For our applications, we need to work over the integers. Let J° be the fiberwise
connected component of J containing 0. This represents line bundles on C' that are
fiberwise of multidegree 0. Let J be the Néron model of J§ and similarly let J¥0 be
the fiberwise connected component of JV containing 0. The Poincaré torsor extends
to a biextension P> over J x JY0. In particular, the integer points of P* lying over
(z,y) € (J x JVO)(Z) form a G,,(Z)-torsor, i.e. a {&1}-torsor. So there is exactly

one integer point lying over (z,y), up to sign.

Section 6.3
The biextension M

To work with explicit computations of points in the Poincaré torsor in practice, we
need a few modifications of P*. We introduce two torsors over J x J° given by the
biextension M* and the trivial biextension N

We first discuss the construction of M* and the generating sections of its residue
disks. The Abel-Jacobi embedding induces an isomorphism j;: JY — J and hence

an isomorphism j;: JY0 — J% We define

M* = (id, 507 P, (6.3.1)

For the torsor M, we have an explicit description of the fibers. Let S be a scheme,

xr € J(S) be a point corresponding to a line bundle £, and y € J°(S) be a point
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with representing divisor E = E* — E~ such that Et and E~ are effective and of the
same multidegree. We denote the fiber (z,y)*M* of M* over (z,y) € (J x J°)(S)
by M*(z,y). This fiber M*(z,y) is the G,,-torsor

E*L* := Normg+ g (EX |5+ ) ® Normpg- /g (EX |g- )_1, (6.3.2)
which we also denote by Normpg;s £*. When S = SpecZ we also write simply
Normpg £*. This fiber can be thought of as the aggregate of how L looks around
E.

This description of the fiber is proven in [36, Proposition 6.8.7], and more general
facts about these norms can be found in [36, section 6]. Because equation (6.3.2) may

seem opaque, we provide some examples of how to apply the formula in practice.

Definition 6.3.3. Let S be a scheme. Let D and F be two relative Cartier divisors
on Xg/S. We say D and FE are disjoint over S if their support is disjoint as closed
subschemes of Xg. In particular, it is not enough to have disjoint S-points if D or E

does not split completely over S.

Ezample 6.3.4. Let S be a scheme, [D] € J(S), and [E] € J°(S) be points of J and J°
with representing divisors D and E where E has multidegree 0. Assume D and E are
disjoint over S, and write £ = ET — E~ with Et, E~ effective. Then the G,,-torsor
E*Ox(D)* is generated by Normp+,g(1) ® Normpg- ,5(1)~" where 1 is here seen as a

section of Ox(D)*|g+:1. We also denote this generator by E*1.

Ezample 6.3.5. Suppose the fiber of X /7 over 2 is geometrically irreducible. Let
[D] € J(Z) and [E] € J°(Z) be points of J and J° with representing divisors D and

E. Assume D and FE are disjoint over Z[%] and meet with multiplicity 1 over 2. Then
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E*Ox(D)* is generated by 271 E*1.

Remark 6.3.6. Let S be a scheme. If D = Divg € Div’(Xg/S) is the principal divisor
of a rational function g and is disjoint from E € Div’(Xg/S), then the isomorphism
Ox(D) — Ox given by multiplication by ¢ induces an isomorphism E*Ox(D)* —
E*O% sending E*1 to E*g(E) where g(E) € G,,,(S).

Remark 6.3.7. In general, if [D] € J(Z), |[E] € J°(Z), and we have a choice of
representing divisors D and E that are disjoint over QQ, using intersection theory we
can determine n € Q* unique up to sign, such that Normg Ox(D)* is generated by
n- E*1. If F is not of multidegree 0, there is a unique vertical divisor V' C C' with
V + E of multidegree 0. In this case, one can compute the unique integer a up to
sign such that (E+V)*Ox(D)* = aNormg Ox(D)*. This is treated in detail in [36,
section 6.9].

The partial group laws on M> are also very explicit: let [E], [E1],[Fs] € J°(9)

and L, Ly, Ly € J(5), then the group laws are given by the morphisms

EiL* ® E}L* — (B + Ey)*L” (6.3.8)

corresponding to ®, and

E*LY @ E*LS — E* (L1 ® L) (6.3.9)

corresponding to ®;.

Ezample 6.3.10. Let x1,29 € J(Z) and y1,ys € J°(Z). Let z;; € M*(Z) be points

above (x;,y;) for ¢ € {1,2}. Then for ny,ne,my,my € Z we can construct points
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above (nyz1 + noa, myy; + maysz) by the formula
®2m1 ®oma) ®1711 ®am1 ®oma| ®1712
(211 X2 219 ) ®1 (221 X2 299 ) .

This allows us to construct many integer points of M* by starting with a few
points that lie over generators of the Jacobian and then applying the partial group
laws. In section 7.3, we will use this idea to determine the integer points of the torsor

T landing in a specific residue disk of T

Section 6.4

The trivial biextension N

In practice, we often translate between M, introduced in section 6.3, and the trivial
biextension N where we do our computations. We explain how to make this trans-
lation following [36, section 9.3]. From now on, we assume p > 2 is a prime of good
reduction for Xg.

Let [D] € J(Q,) and [E] € J°(Q,) be divisor classes with a choice of representing
divisors D and E that are disjoint over Q,. Then E*Ox(D)* is a Q-torsor, trivial
with generator £*1 by Example 6.3.4. Let h, be the cyclotomic Coleman—Gross local
height at p with respect to an isotropic splitting Hiz(X) = H(X, Q%) & W of the
Hodge filtration [25, Section 5]. Choose a branch of the logarithm with logp = 0 so
that it is compatible with h,. The height h, is a biadditive, symmetric pairing on
disjoint divisors of degree 0, taking values in Q,. For f, a rational function and Div f

its associated divisor, it also satisfies the equality h,(D,Div f) = log f(D).

Remark 6.4.1. The assumption that p is a prime of good reduction for X is used to
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define the logarithm of Jz, and to compute the Coleman—Gross height and iterated
Coleman integrals. There is a more general construction using Vologodsky integrals
to construct the Coleman—Gross height [12]. However, currently there is no known

way to compute this more general height for a prime of bad reduction.

We define a map

v MX(Z,) — Q, (6.4.2)

E*\ € E*Ox(D)* = log A+ hy(D, E).

We define NV to be the trivial Q,-biextension J(Q,) x J(Q,) x Q, over J(Q,) x J(Q,).
By definition, the partial group laws in A are just addition keeping one coordinate
fixed. Let [D],[D1],[D2] € J(Q,) and [E],[E1], [Es] € J°(Q,) and vi,vs € Q,. The

first group law is

([Du]; [E],v1) +1 ([Dao], [E],v2) = ([D1] + [Dal, [E], v1 + v2).

The second group law is

([D], [Er], v1) +2 ([D], [Ea], v2) = ([D], [Er] + [Ea], v1 + v2).

Definition 6.4.3. We define the morphism of biextensions

U: M*(Z,) > N

to be the projection M*(Z,) — J(Q,) x J(Q,) on the first two factors and ¢ on the

last factor.
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Remark 6.4.4. Since log(—1) = 0, the morphism ¥ sends the two integer points of

M*(Z) above a fixed integer point of J x J° to the same point.

The following proposition appears in [36, Section 9.3] but is not proven.
Proposition 6.4.5. The map V: M*(Z,) — N is a morphism of biextensions.

Proof. First, we show that ¥ is well-defined. For divisor classes [D] € J(Q,) and
[E] € J°(Q,) we can always choose representing divisors D and E with disjoint
support over Q,; we show that the choice of representing divisors D and £ does not
matter. Suppose D = D’ + Div g for some rational function ¢ with Div g disjoint
from E. Multiplication by ¢ induces an isomorphism Ox(D) — Ox(D’) sending
E*1 — E*g(F) by Remark 6.3.6. Under v, the section E*\ in E*Ox (D) maps to
log A+-h,(D, E) while E*g(E)\ in E*Ox (D’) maps to log A+log g(E)+h,(D’, E). But
since h,(Div g, E) = log g(E) we have the equality h,(D’, E) +log g(E) = h,(D, E),
so the choice of representing divisor for [D] does not change the value of U. By
symmetry of the norm [36, section 6.5], we can also conclude that ¥ does not depend
on the choice of representing divisor for [E].

Finally we show that W preserves the two group laws (6.3.8) and (6.3.9). Consider
[D1], [Ds] € J(Q,), and [E] € J°(Q,) with E disjoint from D; and Dy. Let E*\; €
E*Ox(Dy) and E*A\y € E*Ox (D). Under 1, the section E*)\; maps to log \; +
h,(D;, E) for i = 1,2. The group law ®; in M* sends the sections to E*(A;A2) in

E*Ox(Dy + D3). Under the map v, the section E*(A;)z) is sent to

1Og()\1/\2) + hp(Dl + DQ, E) = 10g )\1 + log /\2 + hp(Dl, E) + hp(DQ, E)

Therefore W preserves ®,. By symmetry of the norm, it also preserves ®,. O]
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The following proposition relates this to the global p-adic height.

Proposition 6.4.6. Let [D] € J(Z) and [E] € J%(Z) with representing divisors D
and E that have disjoint support over Z,y. Let F' be the unique vertical divisor such
that F + E has multidegree 0 on all fibers Xg, . Let z € M*([D],[E + F])(Z). Then
¥(2) = h([D],[E]) where h(-,-) denotes the global p-adic height.

Proof. Let L = Ox(D). Write F' = _ Fy, where ¢ ranges over the primes of bad
reduction for X and Fg, has support in Xg, . Then by [36, Proposition 6.9.3] we have

the equation

MX([D], [E]) = [ [ ¢~ "” Normp(£*)

where ¢ ranges over the bad primes.

Recall that Normp (L) is by definition Normpg/ gpecz(L£*|£); this torsor is canoni-
cally identified with Ogpecz ([T, ¢~ ¥")7)* and hence has generator [, ¢~#")e, where
(E - D), denotes the intersection number of £ and D over Z, taking values in Z.

In total, we see that under these identifications M*([D], [E + F) is generated by
the element E* ], g (B+F)-D)a - By definition, for ¢ # p, we have that h,(D, E) is

—((E+ F) - D),logq, and hence we get

= hy(D, E) + hy(D, E)
q#p

= h([D], [E])

as we wanted. O
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Section 6.5

The torsor T}

We now are ready to define a G,,-torsor over J. We first set up some notation.
Recall from section 6.1 that we have fixed a simple open set U C X®™ that contains
the smooth points of one geometrically irreducible component of each fiber. Let
f be a trace 0 endomorphism of J. Recall the integer m from (6.1.5). The map
m - of is a morphism J — J° Let ¢ € J(Z) denote the unique element such that
Jp(id, m-otr.of)*M* is trivial over U. Let oy :=m-otr.of. Let {s: Ty — J denote
the G,,-torsor (id, af)*M* over J. The trivialization of j; (id, m - otr.of)* M* then

gives us a morphism j;}: U — T} of schemes over J.

Remark 6.5.1. If f is identically zero, then T} is isomorphic to the trivial G,,-torsor
over J. If r < g this reduces to the geometric linear Chabauty case, see [63, 41] for

more details, but when r = g this trivial torsor contains no information.

As discussed in the overview, we work on the curve residue disk by residue disk,
and hence we will describe the residue disks of 7%, culminating in Lemma 6.5.9.
Throughout the rest of this section, fix a t € Ty(F,). We work inside the residue
disk T¢(Z,);. Since T is trivial on fibers, the residue disk 7%(Z,); is isomorphic to
J(Zy)¢, @ % Gm(Zp) for some unit u € F,. We would like to parametrize this residue

disk.

Definition 6.5.2. Let Y be a smooth scheme over Z, of relative dimension d, and
let y € Y(F,). We say t1,...,tq are parameters of Y at y if they are elements of the
local ring Oy, such that the maximal ideal is given by (p, t1,. .., 4).

Define t; := t;/p. Then evaluation of ¢, the vector (#},...,t,), gives a bijection
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t:Y(Zy,), — Zz. We call ¢ a parametrization given by parameters ¢;.

Ezample 6.5.3. Take Y = G,,, = Spec Z,[x, x| over Z,; this is of relative dimension
1. Let y =1 € G,,(F,). Then x — 1 is a parameter at y; it induces a parametrization
0: Gn(Zy)y — Z, given by u — (u—1)/p. Note that the map log, defined by its power
series log(1+z) = x—%—i—- -+ also induces a bijection ¢ = log /p: G,,,(Z,), — Z,, but
this is not a parametrization; it is not given by evaluating elements of the maximal
ideal, and is not even fully algebraic in nature. However, there is a relation between

¢ and 0, in that 6 o =1 is given by the power series %(xp — @ + - ) € Zy[x]].

In [36, Lemma 6.6.8] the residue disk 77(Z,); is parametrized using parameters at
t. However, this parametrization can be difficult to work with because it uses param-
eters in J. The group law of J expressed in these parameters is given by complicated
converging power series. It is possible to use this parametrization in practice: see for
example [52], where the Khuri-Makdisi representation [43] is generalized in order to
work with points of the Jacobian up to the required p-adic precision and compute
parameters of them; however, with this representation other steps of the algorithm,
like computing the image under an endomorphism, would be more difficult. Here,
we opt to use the logarithm of J instead to give a bijection between the residue disk
T¢(Zy); and Zg“ that is not a parametrization in the sense of Definition 6.5.2. For a
definition of this logarithm, see [42]. To describe the relationship between this bijec-
tion and the parametrization of this residue disk we need the framework of convergent

power series.

Definition 6.5.4. Let n € N. The ring of convergent power series in n variables is

98



6.5 THE TORSOR T}

defined as

Qp(z1, ..., xy) = {Z arx’ € Qyl[x1, ..., 7,]] | ]li_glo lar| = O} ,

IeNn
where x = (1, ...,,) is the vector of variables. An element of this ring is called an
integral convergent power series if it lies inside Z,[[x1, ..., z,]]. The convergent power

series are those power series converging on all of Z;. Unlike formal power series, one
can always compose two (integral) convergent power series, since by definition the

resulting infinite sum inside the ring of (integral) convergent power series converges.

Remark 6.5.5. Let Y be a smooth scheme over Z, of relative dimension d, let y €
Y(F,), and let 6,0': Y(Zy,), — ZI be two parametrizations. Then the composite
0'00~': Z] — Z{ is given by (multivariate) integral convergent power series that are

linear modulo p, and in fact are of degree at most M modulo p™.

Lemma 6.5.6. Let G' be a smooth, commutative group scheme over Z, of relative
dimension d. Let G(Zy)o be the residue disk containing the unit 0 € G(Z,). Let
0: G(Zy)o — Zg be a parametrization, and let log: G(Z,)o — ng be a choice of
logarithm. Then logof~!: Zg — ng 15 given by d integral convergent power series in
d variables. For n > 0 the coefficient of a degree n monomial in one of these power

series has valuation at least max(1,n — vy(n)).

Proof. By [63, Lemma 3.7] the function log of#~! is given by integral convergent power

series. There the third author gives the vector-valued formula

log = Z alcmxf

IeN4\(0,...,0)
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where x = (z1,...,24) is the vector of variables, the coefficients a; lie in Z,, the
notation |I| means iy + - - - + iy where I = (i1,...,44), and ¢, = p"/n. (In this paper
we do not divide by p in the log, unlike in [63]). The result follows immediately from

the observation that v,(cjz) = |I| — v,(|1]). O

The following result establishes the analyticity of the map ¢ on residue disks of
M=,

Lemma 6.5.7 ([36, Section 9.3]). Let z € M*(F,). Let Z be a lift of Z to M*(Z,).

Let ©: 229" — M*(Zy)= be a parametrization. Consider the map

VYz: M (Zy)z — Qp
Y(2) —¥(z)
S

Then 1z o © is given by a convergent power series.

As discussed above, we can now find a bijection between residue disks of T}
and Zg“. We use the logarithm of the Jacobian, which gives an isomorphism
log: J(Zy)o — pZj by choosing a basis of H(Jz,, Q") as well as the map ¢ de-
fined in (6.4.2). For ease of notation, we suppress the monomorphism 7y — M* in

our notation, and apply ¢ directly to T(Z,).

Definition 6.5.8. Recall that we fixed a T € T;(FF,). Choose t € T4(Z,); to be a lift
of t. Let wy: Ty(Zy); — Z3 x Q, be defined by

pr(z) = ((log&s(2) —log &4 (t))/p, (¥(2) — (1)) /p)

where 1) is defined in (6.4.2) and the map &;: Ty — J is the structure morphism of
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Ty. We call p; a pseudoparametrization of the residue disk T4(Z,);.

Similarly to Example 6.5.3, this is not a parametrization; it shares some of the
properties of a parametrization, notably the property in Remark 6.5.5, as the following

lemma shows.

Lemma 6.5.9. The pseudoparametrization ¢y is injective, and for any parametriza-
tion 0: T§(Zy); — ZIT" the resulting map oy o 07" : Z9T — 79 x Q, is given by g+ 1
convergent power series. The valuation of the coefficient of any degree n monomial
occurring in one of the first g convergent power series is at least max(0,n—1—wv,(n)).
The valuation of the coefficient of any degree n monomial occurring in the last con-
vergent power series is at least n — 1 +v — 2|log,n| (and at least 0 if n = 0) where

v 18 the constant from Lemma 6.5.7.

Proof. By Lemma 6.5.6 and Lemma 6.5.7 the pseudoparametrization is given by
convergent power series and the valuations of the coefficients behave in the required
way. It remains to prove that it is a bijection onto its image. First, note that the
maps %log: J(Zy)o — Z3 and }Dlog: Gm(Z,)1 — Z, are bijections.

Let [D],m(f([D]) + ¢) € J(Z,)o with disjoint representing divisors D and E, and
let Ao, A1 € G,,,(Z,) such that for i = 0,1 we have ([D], [E], ;) € T¢(Z,);. Assume
that o/ (([D], [E], \o)) = ¢7(([D],[E], A\1)). Then we have that log A + h,(D, E) =
log \' + h,(D, E) so, because %log is injective on residue disks, then A = X', and ¢y
is injective.

By Lemma 6.5.6 the result follows. ]
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Section 6.6
The torsor T

Let fi,...,f,—1 be a basis for the trace 0 endomorphisms of J. We simplify our
notation by setting ¢; = cy,, a; = oy, T; =Ty, and § =&, T, — J.

Now we define £: T'— J to be the G !-torsor given by the fiber product
T:=1T XJTQ Xge--- XJTp_l.

Finally, let j; U — T be a choice of morphism (well defined up to the choice of p—1
signs) coming from the morphisms jfb\; U—1T,.

As in section 6.5, we can pseudoparametrize residue disks of 7.

Definition 6.6.1. Recall that we fixed a t € T(F,). We also fix t = (?1, .. ,’tvp_l) €
T(Zy); alift of T. Let @: T(Z,); — 23 x Q5 'be the map which sends (21, ..., 2,1)

to

((log &u(z1) = log &(81))/p, (¥(21) = ¥ (1) /p), -, (¥(2p-1) = ¥(E,-1) /D)),

where 1 is defined in (6.4.2). We call ¢ a pseudoparametrization of the residue disk

T(Zy);. (Recall that &(2;) and &;(¢;) are independent of ¢, since 7" is a fibered product

over J.)

Corollary 6.6.2. The pseudoparametrization map @ is a bijection onto its image,
and for any parametrization 0: T(Zy); — 23" the resulting map o~ : ZgT*~1 —
7§ % QZ 1s given by g + p — 1 convergent power series.

For any of the first g power series, the valuation of the coefficient of a degree n
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monomial is at least n — 1 — v,(n), and for any of the last p — 1 power series, the
valuation of the coefficient is at least n — 1 + v — 2|log, n], where v is a (possibly

negative) constant.
Proof. This is a corollary of Lemma 6.5.9. m

The main advantage of this method is that for ¢y we need only to compute the
map ¢ defined in (6.4.2); it is this fact that allows to us to mainly work in A/ and

only translate back to the image of the residue disk under ¢ when needed.
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Chapter 7

Construction of the line bundle

We now focus on describing how to explicitly construct the nontrivial G,,-torsor T’
introduced in section 7.1.17 and give a formula for the trivializing section ﬂ, U —=T
in (8.3.10). Moreover, in section 7.1 we present explicit algorithms for working with
T by using endomorphisms of J. Then we proceed to give a description and explicit

algorithms for defining a parametrization « : Zj, — T(Z,); 5 with image exactly

17(zZ); (p in section 7.3. These results will be essential in chapter 8. Recall that p > 2
is henceforth a prime of good reduction. This chapter only contains joint work with

Sachi Hashimoto and Pim Spelier that can be found in the preprint [32].

Remark 7.0.1. To work with divisors on U, X or U x X explicitly, we use equations for
a projective regular model of X. There are multiple ways to do this. On a theoretical
level, a regular model itself is projective over Z because it is a repeated blowup of
the projective closure of its generic fiber. On a practical level, this process could
embed the regular model in a high-dimensional projective space, and it is easier to
work on affine patches. In this case we give divisors on each of the affine patches by

Groebner bases, compatible with the glueing data. For a practical implementation,
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we recommend this latter method. This is, for example, implemented in Magma [17].
The methods in the rest of the section are agnostic to the exact implementation.
Throughout this section, we assume we can represent effective divisors on the regular
model by a Groebner basis, and we represent general divisors by a difference between

two effective divisors.

Section 7.1

Construction of T

As explained in section 6.6, to construct the torsor T, we need p — 1 independent
trace zero endomorphisms (f;)?—;: J — J. (In general one only needs n independent
nontrivial trace zero endomorphisms where n is such that r < g 4+ n, but one expects
to obtain a smaller superset of p-adic points containing X (Z) for higher n. In fact,
if we use n nontrivial independent endomorphisms such that » < g +n — 1, then
we expect to cut out X (Z) exactly unless there is some geometric reason for extra
points.) To work with any endomorphism f: J — J explicitly, we recall some facts
about correspondences, as can be found in [62]. A correspondence on X x X is a
divisor D on X x X.

Write D = > .n;D; as a sum of prime divisors. Denote by ﬂf) ‘. D; — X the
projection onto the first factor of X x X and similarly 7r2D  for projection onto the
second factor. The correspondence D induces an endomorphism of the Jacobian
Ep =), nmgiﬂf“*. In particular, it sends the Jacobian point [x —y] to Ox(D|.xx —

D|yxX)-

Example 7.1.1. Consider negation —1-: J — J on a hyperelliptic curve of the form

y? = h(z, z) in weighted projective space. If we give X x X the projective coordinates
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x,y,z, 2",y 2/, then a correspondence representing —1- is given by the homogeneous

equation y = —v/'.

The aim of this section is to describe, given correspondences for all f;, how to
calculate the morphism ij U — T'. For this goal, we partially follow [36, Section 7].
In the case where Xg is a classical modular curve we can construct many trace zero
endomorphisms using the Hecke algebra. See for example the computation leading to

(8.3.8) in section 8.3.

Algorithms

We now focus on the computations for a single trace zero endomorphism f: J — J.
We can compute equations for a correspondence Do C Xg X Xg inducing f using
the code of Costa, Mascot, Sijsling, and Voight [26]. The input of that algorithm is
the g x g matrix giving the representation of the morphism f on a basis of differential

forms HY(Xg, Q).

Algorithm 7.1.2 (Compute A,).
Input: Dyg C Xg X Xqg a divisor.

Output: a divisor A, on X°™ x X.

1. Spread out D¢ g to D} over X®™ x X by clearing denominators of the generators

of the Groebner basis.

3. Set A, :=m (D} —Bx X+ X x B— X" x C), where m is the integer de-
fined in (6.1.5).

4. Return A., as a Groebner basis over Z.
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Lemma 7.1.3. The divisor A, on X x X given by Algorithm 7.1.2 is the unique

divisor on X x X with the following properties:
(a) the endomorphism of J induced by the correspondence A, is m - of;
(b) Oxsm(Anluxp) is rigidified with trivializing section 1;
(¢) Oxsm(Anla) is rigidified, compatible with the previous rigidification,
(d) the degree of A, restricted to fibers of the first projection is 0.

Proof. By [62, Theorem 3.4.7], any divisor inducing the endomorphism m - of is of
the form mDy + F' such that I is a sum of vertical or horizontal divisors, so then
(a) holds. Conditions (b) and (c) force F' to be m(—B x X + X x B — X®™ x ().
Finally, by [16, Proposition 11.5.2] and the important fact that the trace of f is zero
we have that deg(As|pxx) = 0 and (d) holds. So A, is the desired divisor. O

Remark 7.1.4. Conditions (b) and (d) are defined the other way from the order cho-
sen in Edixhoven—Lido, in order to agree with the convention in [26]. (That is, in

Edixhoven-Lido, they require that the fibers of the second projection are degree 0.)

This divisor A, determines a line bundle £, = Oxsmx x(Aq) on X*™ x X | rigidified
on X°™ x b, of degree 0 on the fibers of the first projection, and such that A*L, is

trivial. This induces the endomorphism m - of by
["L‘ - y] = (£OC>.Z’><X ® (»Ca);i)(' (715)

Corollary 7.1.6. Let ¢ := [(Lag)oxx] € J(Q) = J(Z). Let « = m - otr.of be the

morphism o J — J°. Then j;(id, a)* M* is trivial over U.
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Proof. This follows directly from [36, Proposition 7.2] O

The rest of this section will be dedicated to computing «, and computing the

trivialization of j;(id, a)* M*.

Algorithm 7.1.7 (Compute c).
Input: equations for a correspondence A, output by Algorithm 7.1.2, inducing the
morphism m -of: J — J.

Output: a divisor representing ¢ = [(La)oxx] € J(Q) = J(Z).

1. Set Ay := A,/m (recall that A, was defined as m times a different correspon-

dence, so this is well-defined).
2. Compute the generic fiber Asq of Ay.

3. Compute equations for the divisor Asgloxx by specializing the equations of Asq

to b in the first copy of C.

4. Return a Groebner basis for Asglpxx over Q.

Algorithm 7.1.8 (Compute f,).

Input: a morphism of projective schemes f: X — Y given as a graded ring morphism
f*: S — R, where X = ProjR and Y = ProjS; an irreducible subvariety Z of X
gwen by a Groebner basis for its defining ideal J in R.

Output: the pushforward f.([Z]), given by a Groebner basis.

1. Let B be a set of generators of S.

2. Set I C S®R to be the ideal generated by {b@1—1® f*(b) |b € B} and 1® J.
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3. Compute a Groebner basis B for I with respect to the lexicographical ordering

on S® R.
4. Set K :==1NS with Groebner basis BN S.
5. Compute the degree d .= deg (f|z: ProjR/J — ProjS/K).

6. Return a Groebner basis for K<.

Proof. By construction, K is the defining ideal for the image of Z. The pushforward

of Z is then exactly (deg f|z) - [im f|z]. O

Remark 7.1.9. In Step 5, we need to compute the degree of a morphism between
projective schemes. There are algorithms to compute the degree of a rational map
between two projective schemes. See for example [65] for a discussion on an imple-

mentation in Macaulay?2.

Algorithm 7.1.10 (Apply f).
Input: a ring S and two effective divisors Dy and D_ on X" of the same degree;

the correspondence A, from Algorithm 7.1.2 inducing the morphism m - f: J — J.

Output: the Jacobian point m - f([Dy — D_]) € J(S).
1. For D € {Dy,D_} do:

(i) Compute a Groebner basis for Au|pxx as a divisor on D x X.

(11) Write D = Y .n;D; as a sum of irreducible components using primary

decomposition.
(iii) Compute the Groebner basis for the pushforward E(D;) := n;f.(D;) on X

using Algorithm 7.1.8 for every D;.
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(iv) Set E(D):=>, E(D;).
2. Return E(D,) — E(D-).

Remark 7.1.11. In the case where one can write [Dy — D_] as a sum [Zle niPz} of

S-points, one can use the isomorphism P; x X = X to simply compute A,|p,xx on

X and take the linear combination Zle niAalpxx |-

Finally, we discuss the section j;, U — T lying above the Abel-Jacobi map
Jo: U — J with base point b. Let z € X(F,). Since the pullback j;T is triv-
ial, there is a morphism j,: U — T embedding each residue disk U(Z,)z into the
(9 + p — 1)-dimensional residue disk T'(Z,); ), where z € U(Zp). To compute this
map, we follow [36, section 7]. Let n be the product of all primes of bad reduction.
We first need to compute the numbers W, and V,, mentioned in [36, Proposition 7.8]
for ¢ | n. These numbers have an involved definition in general. Nevertheless, they
can be explicitly computed in our case, and we explain their meaning below.

By Lemma 7.1.3 the line bundles A*(L,) and (id,b)*(L,) are trivial with trivi-
alizing sections £ = 1. Then W, is defined as the valuation of this section ¢ on Uk, .
In our case, these are always 0. It remains to compute V,. We recall the definition.

Note that L, has degree 0 on the fibers of the projection U x X — U, but it might

not have multidegree 0.

Definition 7.1.12. We define V' to be the unique vertical divisor on U x X having
support disjoint from U x b such that £,(V') has multidegree 0 on all fibers of the
projection. Write Vg, as a sum of irreducible components of U, x Xy, i.e., as a linear
combination of Up, X Yp, where Y, is an irreducible component of Xp . For ¢ | n

define V; € Z to be the coefficient of the component (U, x Ug,) in Vg, .
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Lemma 7.1.13. The number V, is equal to the intersection number —((z — b) -

Aulaxx)q over Zy for any z € U(Z,).

Proof. Since A, + V has multidegree 0 on all fibers of the projection, we have that
((z=0) - (Aa +V)|oxx)q = 0. It remains to show that ((z —b) - Vl].xx), = V. This

follows from Definition 7.1.12 and the fact that V' has support disjoint from U xb. [J
To compute these numbers, we give the following algorithm.

Algorithm 7.1.14 (Calculate V).
Input: the curve X, a bad prime q dividing n, the open set U such that U(F,) # 0,
and the divisor A, on X x X.

Output: the integer V.
1. Pick a point Q € U(F,).
2. Compute Aulg, x-
3. Compute the multidegree of Aabxx-
4. Compute the multidegree of the irreducible components of X, .

5. Compute the unique linear combination D C X, of these irreducible compo-
nents such that D does not meet b and such that Aalgxx + D has multidegree

0 at the fiber over q.
6. Set V; to be the coefficient of the irreducible component containing Ug, in D.
7. Return V.

Remark 7.1.15. If U(F,) is empty for some prime ¢, we can discard U. Integer points

reduce to smooth points, so U(Z) = ) in this case.
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Remark 7.1.16. These local heights can also be computed using harmonic analysis on
the dual graph, see [15, section 12]. Even though both the geometric method and the
harmonic method can be realized as combinatorics on the dual graph, it is not clear

how to compare the two computations of local heights.

Let R be a ring and z € U(R). By [36, Proposition 7.5] we have

Ty (js(2)) = M*(G(2), a(5p(2))) = 2" (2,id)"(La)* ® b"(2,id)"(La)

= (La)"(2,2) @ (La)*(2,0) 7" = (L) (2, 2).

We apply [36, Proposition 7.8] to give a formula for j,(z) when R C Z,. We have

that

) =[] )" =E-b) [[a" € (z - ) Ox(Aal:xx) (7.1.17)

qln qln

is a trivializing section over the curve. The image in N is given by

Y(n(2) = hp(z = b, Aaloxx) = Y Vylogg. (7.1.18)

qln

Corollary 7.1.19. The function ¥ o jy: U(Z,) — N is given by

Z = ([Z - b]? [ACYlZXX]?h;D(Z - b> Aa‘zXX) - ZVqugq)
ql
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Section 7.2

Embedding the curve

We now describe how to compute the embedding of the curve into the torsor through
the evaluation of the trivializing section j, on a residue disk of the point P € U (F,).
Recall the pseudoparametrization : T(Zp)fb(f) — 15 ® Qz_l from Definition 6.6.1.
Let Z, — U(Z,)p be a parametrization of the residue disk. Define the map \: Z, —

T'(Zy)5;, 5 to be the composite of this parametrization Z, — U(Z,)p and Jo. In this

7v(
section, we show how to apply the following proposition.

Proposition 7.2.1. The map ¢ o A : Z;, — 73 X Qg_l 15 gien by convergent power
series. Let v be a coordinate for Z,. For any of the first g power series, the valuation
of the coefficient of V" is at least n — 1 — v,(n), and for any of the last p — 1 power
series, the valuation of the coefficient is at least n — 1 +v — 2[log,n], where v is a

(possibly negative) constant.

The image im(yp o \) inside im ¢ is cut out by equations gy = -+ = ggrp—o = 0
where g, ..., 9g+p—2 € Lp(T1,...,Tg4p—1) are integral convergent power series.
Proof. This follows from Corollary 6.6.2 and [18, Corollary 2, I11.4.5]. O

For actual calculations with the convergent power series ¢ o A\, we need to lower

bound the valuation of the coefficients.

Proposition 7.2.2. Let v be a coordinate for Z,. Consider the g+ p —1 convergent
power series given by poA: Ly, — 7§ X Qg_l. For any of the first g convergent power
series, the valuation of the coefficient of V™ is at least n — 1 — v,(n). For any of the
last p—1 power series, the valuation of the coefficient is at least n—1—2|log,n|+v,

where v is an explicit (possibly negative) constant.
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Proof. The result about the coefficients of the first ¢ power series follows from Corol-
lary 6.6.2.

Let Z1,...Z,_1 be a basis for ker(NS(J) — NS(X)). Then [11, Lemma 4.5] states
that the Nékovar height hfl‘jk : X — Q, corresponding to Z; is analytic on residue
disks. Furthermore, they show that the valuation of the coefficient of v™ is at least
n — 1 —2|log,n| + v, where v = min(ord,(yri), ca + ¢3) and vy, ¢z, and c3 are
explicit constants defined in [11, Section 4|, depending on Z; among other things.
(The valuation of ™ stated in [11, Lemma 4.5] differs by 1 from the value given here,
because our coordinates differ from theirs by a factor of p.)

In Section 8.2 we go more into detail about this Nékovar height. In particular,

in Theorem 8.2.10 together with Proposition 8.2.11 we show that h}**(z) and h,(z —

b, Au|.xx) differ by a factor of —m. The result follows from Corollary 7.1.19. O

Remark 7.2.3. In the example of Section 8.3, we calculate that the constant v is 0 for
the residue disk of the curve we consider there. We suspect that this constant can

often be taken to be 0, at least in the cases p > 2¢g — 1 and p 1 #J(F,).

We first present a general algorithm to compute the trivializing section ¢ o A\. For
example, if p > 3 and v = 0, to compute ﬁ,(Pl,) in N modulo p, it suffices to compute
J» on two values, for example ﬁ(PO) and ﬂ(Pl). Since the embedding must be linear
in v on U(Z/p*Z)5, we can interpolate between these values to determine the map.
In general, to compute ¢ o A to finite precision, it is enough to determine the map on
Z./pFZ-points for some large enough k. We give an algorithm to compute j,(P) when

P is a Z/p*Z-point.

Algorithm 7.2.4 (The trivializing section).
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Input: A point P, € U(Z/p*7Z)%.

Output: the value p o A\(P,) to a finite precision.
1. Calculate the Coleman integral log(P, — b).

2. Compute A,,

pxx foreachi=1,... (p—1) using Algorithm 7.1.10.

3. Calculate all h,(P, — b, A,,

PV><X)-

4. Compute cy = Zq‘n%logq using Algorithm 7.1.14, where n is the product of

the primes of bad reduction for X.

5. Return

(poX)(v) = (log(P, — Fo), hp(P,—b, Aay |pxx)s -+ hp(Py =, Aa, | pxx)) +cu

For the rest of this section, we describe a practical algorithm to do Step (3) of
Algorithm 7.2.4 in the case where X is a hyperelliptic curve of the form y? = H(x).
For hyperelliptic curves where H has odd degree, there is an algorithm to compute the
local Coleman—Gross height at p of two disjoint divisors given as a sum of points [6,
Algorithm 5.7]. Forthcoming work of Gajovi¢ extends this algorithm to even degree
models.

For any ¢ = 1,...,(p — 1) since the divisor A,,|p,xx on Xg, may not split as

a sum of points, we instead consider multiples of this divisor nA,,|p,«xx for n € N.
We can hope some large enough multiple splits as a sum of points. Therefore, we
must explicitly describe arithmetic in the Jacobian. For hyperelliptic curves, this pro-

cess can be done via Cantor’s algorithm [19]. The main idea is to use the Mumford

representations of divisors. We use the implementation of Cantor’s algorithm done
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by Sutherland in [66, section 3]. The only extra step is to keep track of the func-
tion that realizes the linear equivalence with a Mumford representation of the sum.
Even though Sutherland works with even degree models for hyperelliptic curves, the

algorithms still apply to our odd degree model hyperelliptic curves (see [66, p. 433]).

Remark 7.2.5. In practice, we represent divisors with ideals of polynomial rings. We
can translate from a Groebner basis of an ideal to a Mumford representation in the
following way. Let Y be a hyperelliptic curve over a field k given by y?> = H(x). Let
7: Y — P! be the degree two morphism forgetting y. Let D be an effective divisor on
the affine chart k[z,y|/(y*> — H(x)) of Y, given by a Groebner basis. We assume that
D and (D) are disjoint. Then we can find a Mumford representation for D by simply
taking a Groebner basis with respect to the lexicographical ordering y < z. If D and
1D are not disjoint, one can explicitly compute an effective divisor £ on P! such that
D — n*F is disjoint from (D — 7*E), and hence find a Mumford representation for
D —7m*E.

We can now give a practical algorithm to compute the local heights at p in Step
(3) of Algorithm 7.2.4. When X is a hyperelliptic curve of the form y? = H(z), given
P, € U(Z/p*Z) we can apply Algorithm 7.1.10 to obtain A,,|p,«xx as a divisor on
Xo,-

Algorithm 7.2.6 (Local heights for the trivializing section on a hyperelliptic curve).

Input: A point B, € U(Z/p*Z)5 on a hyperelliptic curve Y: y*> = H(z) and the

Mumford representation of A,

p,xy as a diwisor on 'Y .

Output: the value h,(P, — b, Au,|p,xv)-
1. Setn:=1.
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2. Use Cantor’s Algorithm to compute a Mumford representation (un,v,) and a

rational function s, such that Div(uy,,v,) + Div s, = nAa,|p, <y [19].
3. Check if u,, factors completely over Q, into linear factors.

4. If yes, set x; to be the roots of u, fori=1,... deg(u,). If no, increase n by 1

and go back to Step (2).
5. Set y; := v(x;).
6. Set Q; == (z,y:) € Y(Qp).
7. Compute h,(P, — b, Z?igl(“”) Qi — deg(u,)o0) using [6, Algorithm 5.7].
8. Return (1/n)(hy(P, — b, 3238 Q, — deg(u,)o0) + log(s,(P, — b))).

Algorithm 7.2.6 does not always terminate; we cannot guarantee that eventually
the divisor nA,,|p,xy splits completely into a sum of points over Q,. In theory, we
can split any divisor as a sum of points over some finite extension of QQ,. However,

working with these field extensions of Q, is often currently not possible in practice.

Remark 7.2.7. Algorithms 7.2.4 and 7.2.6 take in a point P, of precision k, but
their output can be of smaller precision. This depends on the precision loss in the

computation of the p-adic height; see [6, section 6.2].

Section 7.3

Integer points of the torsor

Next we discuss the integer points of the torsor 7. We give an algorithm to construct

amap k: Zy, = T(Zy); ) with image exactly T(Z); .-
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In practice, to give an upper bound on #U(Z)p, we only need to compute the
image of the map x in T(Z/pQZ);b(ﬁ). This is because after composing with the
pseudoparametrization ¢ from Definition 6.6.1 the map k is given by convergent
power series. In fact, in this section we will show that by virtue of our choice of
pseudoparametrization, they are given by ¢ linear polynomials and p — 1 quadratic
polynomials.

Note that if the residue disk T'(Z) 7 Is empty, then its p-adic closure is also

v
empty, and therefore we do not need to consider P. If the disk is not empty, then we
can find t € T(Z) 5 () by arithmetic in the Jacobian. It is enough to consider if the
corresponding residue disk J(Z);, ) is empty. This is an instance of the Mordell-Weil
sieve at p.

As an intermediate step, we need to compute integer points @;; on A, the trivial
biextension, that are the image under ¥ (defined in Definition 6.4.3) of generating
sections on certain fibers of M*(Z).

We construct integer points on N that are the image of generating sections of

residue disks of M*(Z) following the method in Example 6.3.10.

Algorithm 7.3.1 (Compute the Q;;).

Input: Gi,...,G. a generating set of the Mordell-Weil group of J, a trace zero
endomorphism f: J — J.

Output: Integer points Q;; on the trivial biextension N which are the image of the
generating section of M* (G, f(G;))(Z) and Qq that are the image of the generating
section of M*(Gy,¢)(Z) for 1 <i,5 <.

1. Compute E, ... E,. representing divisors of Gy,...,G,.

2. For each G;, use Algorithm 7.1.10 to compute representing divisors Dy, ..., Dy
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of [(Gi).
3. Use Algorithm 7.1.7 to compute a divisor Dy whose class is the point ¢ € J(Z).
4. Compute the local height hy(E;, D;) and h,(E;, Dy) for 1 <i,5 <7’

5. Using [71, section 2], compute the height he(E;, D;) at € # p and h(E;, Do) at

(#p for1<ij<r.

6. Return
Q Gzy f Z h( E“ D

£ prime

and

Qi = (Gi,C, Z hz(Ei,Do))

£ prime

for1 <i,5<r.

Let Gy,...,G, be a generating set for the full Mordell-Weil group, with " > r.
Let G; be a basis for the kernel of reduction J(Z) — J(F,) for i = 1,...,r. (Note
that the reduction map is injective when restricted to the torsion of J(Z), so the

kernel of reduction is a free Z-module of rank r.) Write

7,/
Gi: E eijG]
Jj=1

for some e;; € Z. Let G, denote the projection of { € T(Z)5,) to J;,p)- Write

,r/

5}& = Z e0iGi

i=1
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for some e(; € Z. Using the biextension group laws and the points ();; we construct
a series of points in M*(Z) living over certain points in J x J that are the image of
generating sections of the corresponding residue disks in M*(Z).

A formula for the points P;; over (G:, f(ma;)) is

Pij = 21 Cik "1 <Z2m "2 €je 2 Qké) : (7.3.2)
k=1 =1

Here, ; and ). for i = 1,2 denote the biextension group laws (6.3.9) and (6.3.8).

A Z-point t living over @, ma(@:)) can be constructed as

/

ti= 21 €k *1 (m 2 Qro +2 22 m -2 €og 2 Qkf) . (7.3.3)

k=1 /=1

/

Next R;; live over (a, ma(ag)) and hence

r /

Rif = Zl €ik 1 (m ‘2 Qk[) +2 22 m -9 €op -2 ng> . (734)

k=1 /=1

Finally, Sz; live over (Et, f (mév])) and so

Sgj 1= 21 €ok "1 (ZQ m -2 €j¢ *2 Qu) : (7.3.5)
k=1 (=1

Remark 7.3.6. In M*(Z), these points are all unique up to sign. Since we are record-

ing the image in N, this sign does not matter.

For n = (ny,...,n,) € Z" we can now construct the points A;(n), Bi(n), Ci(n),
and Dj(n) in T(Z) given by [36, (4.2)-(4.4)]. The key property of this construction

is that D;(n) lies above the point j,(P) € J(F,). Furthermore, by [36, (4.6)-(4.9)],
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we have that Dy((p — 1)n) is in the residue disk T'(Z); ), allowing us to explicitly

construct the map
kg 2" = T(Z); 5, (ni,...,n0) = Di((p— D, ..., (p— Dny), (7.3.7)

Finally, by [36, Theorem 4.10], the map kz extends continuously to a map

with image T'(Z)5, 7).

Recall the pseudoparametrisation ¢: T(Zp)5 5 — 25+P~! from Definition 6.6.1.

Proposition 7.3.9. The map p o r: Z; — Zg*“l 18 given by g linear polynomials

and p — 1 quadratic polynomials.

Proof. 1t is enough to show this for k7, since polynomials are continuous. Note that

porg: L' = J(Z); ) is given by
D — log(D — Dy),

on the first g components, for a fixed Dy € J(Z) (P Since log is a group homomor-
phism, it follows the first g polynomials are linear as desired.

Now we fix one of the p—1 trace zero endomorphisms f: J — J. Let m¢: Zg*p_l —
Z, be the projection onto the coefficient corresponding to f. Consider at the map

T =m0 pok. We write F' for the linear map

2= J(Z);,m) = J(L) iy my) =2
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Then by formulas [36, (4.2)-(4.4)] we have that 7(nq, ..., n,) is a sum of a constant
term, a linear function in the n, a linear function in F'n and a bilinear form evaluated

in (n, F'n). Since F is linear, we see that, in total, this gives a quadratic function in

n. L]
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Chapter 8

Main results

We are now ready to present the main algorithm for explicit Geometric quadratic
Chabauty and a comparison theorem with geometric Chabauty. The main algorithm
is Algorithm 8.1.1 and the main theorem is Theorem 8.2.5. We then apply the
geometric quadratic Chabauty method to the (classical) modular curve X(67)" as

an example. This is joint work with Sachi Hashimoto and Pim Spelier from [32].

Section 8.1

The geometric quadratic Chabauty algorithm

In this section, we present the main algorithm of this paper for doing geometric

quadratic Chabauty. This algorithm ties together the results of the previous sections.

Algorithm 8.1.1 (Geometric quadratic Chabauty in a single disk).

Input:

e Xo/Q a smooth, projective, geometrically irreducible curve over Q such that

Xo(Q) # @ with a regular model X of genus g and Mordell-Weil rank r, and
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with Jacobian of Néron—Severi rank p > 1, such thatr < g+ p — 1;

e p — 1 nontrivial independent trace 0 endomorphisms represented by (g X g)-
matrices giving the action on the sheaf of differentials with respect to a fized

basis;

e an open set U C X containing the smooth points of one geometrically irre-

ducible component of Xy, for all primes q;
e a prime p > 2 of good reduction for X;

e q precision k € N;

a base point b € X (Z);

a point P € U(F,);

a generating set Gy, ...,G, of the Mordell-Weil group of J.

Output: g+ p— 2 integral convergent power series in Zy(z1, ..., 2) up to precision k,
defining 3,(U(Zy)) N T(Z) inside T(Z).

For each of the given trace 0 endomorphisms f do the following.

1. Compute the correspondence A, that induces the endomorphism m-of: J — J

as giwen in Lemma 7.1.5.
2. Find the divisor representing ¢ = [(La)oxx| € J(Z) using Algorithm 7.1.7.

3. Choose a local parameter v to parameterize (Z,)p as v — B,. By Proposi-
tion 7.2.1 the map v — @ o X(P,) is, modulo p*, given by a polynomial with

bounded degree. By calculating enough values, interpolate to find the polynomial

124



8.1 THE GEOMETRIC QUADRATIC CHABAUTY ALGORITHM

expression. In particular, when v =10 and p > 3, for k =1, the degree bound is

1. In this case, compute @ o A(Fy), ¢ o A(P1) and interpolate the resulting line.

4. With the generating set Gy, ...,G., use Algorithm 7.3.1 to compute integer
points Qi;, Qio € N up to precision k that are the images of the generating
sections of M*(G;, f(G;))(Z) and M*(G;,c)(Z) for 1 <i,j <7’

5. Using the elements Qij, find the map kz: Z" — T(Z); p) as in (7.3.7) and

extend it to the map r: Zy, — T(Zy); 5)-

6. Compose with the pseudoparametrization ¢ to compute the linear and quadratic
polynomials describing p o K Z;, — Zg*p_l, as quaranteed by Proposition 7.5.9,

up to precision k.

7. Use Lagrangian interpolation to compute the power series @ o A up to precision

k.

8. Use Hensel lifting to compute the power series fi,..., fg4p—2 defined in Propo-

sition 7.2.1 that cut out imp o \, up to precision k.
9. Return g; := fio(pok) fori=1,...,9+p—2.

By iterating this over all simple opens U; such that (U;(Z))er covers X(Z) (as in
section 6.1), and also iterating over all F,-points of U;, we obtain multivariate power

series up to precision k cutting out X (Z,)geo-

Remark 8.1.2. By [36, section 9.2], the power series in the output of Algorithm 8.1.1
have at most finitely many zeros in Z,. In practice, one can solve these power series

up to enough precision by using a multivariate Hensel’s lemma [48, Theorem 25].
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This assumes that the Jacobian matrix of the sequence of power series is invertible
over Q,. We expect this to always happen unless there is a geometric obstruction.
Often solving these power series modulo p is enough to determine X (Z,)geo. See
for example [36, Theorem 4.12], which we use in section 8.3. Even if computations
modulo p are not enough, one can increase the precision by considering the residue
disks U(Z,)5, where P € U(Z/p*Z) for some integer k. An example of the geometric

Chabauty method with higher precision is given in Remark 8.3.19.

Remark 8.1.3. In practice, to run Algorithm 8.1.1 we need to be able to compute
Coleman—Gross heights on the curve X. Currently, this has only been made algorith-

mic for hyperelliptic curves.

Section 8.2

The comparison theorem

In this section we give a comparison theorem between the geometric method and the
cohomological quadratic Chabauty of [9, 10, 3, 11]. In Theorem 8.2.5, we show that
the geometric method produces a refined set of points, as is the case for classical
Chabauty—Coleman [41].

For this section we assume that p is a prime of good reduction, that r = g,
and further, that J(Z) has finite index in J(Z,). These assumptions are needed
for constructing the cohomological quadratic Chabauty set. We do not require a
semistable model for X/Q,, ¢|n as is sometimes assumed; a semistable model can
make explicit calculations of heights away from p easier, see [15] or [11, section 3.1].

By [14, Lemma 6.1.1] the local heights away from p factor through the component

set of the minimal regular model.
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Let Zi,...,Z,—1 be a basis for ker(NS(J) — NS(X)). In the cohomological
method, from the transpose Z;' of such a correspondence’ we are able to construct a
quadratic Chabauty function o;: X(Q,) — Q, and a finite subset ; C Q, described
explicitly in terms of local heights at primes of bad reduction such that ¢;(z) € Q;
for all z € X(Q). This finite subset §2; consists of one constant ¢y ; for every simple
open U.

We describe the construction of o; and the set €2; in more detail after we present
the main theorem. The divisor Z; is the correspondence of a trace zero endomorphism
fi: J — J of the Jacobian. In the geometric method, we work with the endomorphism
a; = m - otr, of;. This multiplication with m will result in all the heights in the

trivial biextension N to be a factor m larger than in the cohomological case.

Definition 8.2.1. Define X(Q,)con = Uy{z € X(Q,) | ai(z) = cyy, fori =

1,...,p— 1} where the union is over all simple opens U.

Remark 8.2.2. As far as we know, the existing literature does not explicitly define
the quadratic Chabauty set in the case of multiple endomorphisms. One can see
Definition 8.2.1 as a special case of the finite set implicitly defined in [14, Theorem A],
for the quotient of the fundamental group that is an extension of the abelianization
by Q,(1)7~1.

The alternative definition is [, U {z € X(Qp) | 0i(z) = cy;}. Here the union
and the intersection have been switched, and hence the resulting set can be bigger.
The difference between the two sets consists exactly of points z € X(Q,) such that

oi(x) € Q; for every i, but such that there is no U with o;(x) = ¢y, for every i. In

'Due to a difference of conventions of rigidifications for line bundles on X x X, we have to
take the transpose of Z; for the methods to align perfectly. The transpose Z;r induces the same
endomorphism of the Jacobian.
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particular, the points in the difference do not lie in any of the simple opens U, and

hence are not rational points.

Recall the definition of X (Z,)geo from Definition 6.1.3. Given a covering of X by

simple opens U we have that

~% o~ [—

X(Zp)Geo = Jb (jb<U(Zp)) N T<Z)) - U U(Zp) - X(Zp)-

The following definitions give terminology for two of the cases in which X (Q,)con

is strictly bigger than X(Z,)geo-

Definition 8.2.3. We say that the Mordell-Weil group is of good reduction (modulo

p) if the map J(Z),/pJ(Z), — J(Z/p*Z)o is injective. Otherwise, we say that it is of
bad reduction.

The Mordell-Weil group being of good reduction is equivalent to the map J(Z), —
J(Z,)o being an isomorphism. On the level of abstract groups, this map is always an
embedding Z§ — ZJ with image of index some power of p. Another equivalent way

of stating this is that the p-saturation of J(Z), in J(Z,)o

{z € J(Zy)o | 3k, pFz € J(Z),}

is always equal to J(Z,)o, and the Mordell-Weil group is of bad reduction if and only

if this p-saturation is bigger than J(Z),.

Definition 8.2.4. For Q € X(F,), if j,(Q) is not in the image of the reduction
map J(Z) — J(F,), then we say () fails the Mordell-Weil sieve (at p). In this case,

the residue disk X(Z,)p cannot contain a rational point. Otherwise, () passes the
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Mordell-Weil sieve (at p).
Our main theorem is the following comparison theorem.

Theorem 8.2.5. There is an inclusion X(Q) C X (Z,)ceo € X(Qp)con. For P €

X(Qp)con we have P & X(Zy,)ceo if and only if one of the following conditions holds:
(a) P fails the Mordell-Weil sieve at p;

(b) the Mordell-Weil group is of bad reduction at p and j,(P) does not lie in the

p-adic closure of the Mordell-Weil group, but only in its p-saturation.

Remark 8.2.6. In [41], an analogous theorem is given for the comparison between the
classical Chabauty—Coleman method, as in [24, 8], and the geometric linear Chabauty,
as developed in [63] and [41]. The comparison theorem [41, Theorem 4.1] shows that
the set of candidates found by the classical Chabauty—Coleman method contains the
set found by geometric linear Chabauty method. Furthermore, the two sets differ by

conditions analogous to (a) and (b).

Let 1 <i < p(J) — 1. We briefly recall the constructions of o; and §2; from [11].
For more details, the reader can also consult [9, 3]. The cohomological method for
quadratic Chabauty uses Nekovai’s theory [55] of p-adic heights of certain Galois
representations to construct a global height AX*: X(Q) — @, by attaching a family
of Galois representations to X (Q) and X(Q,). The Galois representation depends
on the choice of base point b as well as the correspondence Z;. We suppress this
dependence on b in our notation. The global height also depends on a choice of
splitting of the Hodge filtration and idele class character, which we choose to be
compatible with the choices made to construct the Coleman—Gross height h. In

particular we choose the cyclotomic character. This global height ANk factors through
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Aok J(Q) x J(Q) — Q, [11, section 2.3]. We can thus extend ANk on J(Q) x J(Q)
to a bilinear function on J(Q,) x J(Q,) — Q, and evaluate it on elements of X (Q,).

This global height decomposes as a sum of local heights over finite places

hNek _ Z hNek
where A} X(Q,) — Q,. Define the quadratic Chabauty function
0i(2) == hy*(2) — by o5 (z)

for z € X(Q,), recalling that the right hand side implicitly depends on Z;. Then,
for any z € X(Q), using the decomposition above we can write hN(z) = hJ(z) 4
> otp thek(z). The set Q; C Q, is defined by the local heights in the following way.
Let

Qig = {hig (2) | = € X(Q)}.

If X, is geometrically irreducible, then €2; , = {0}. We can therefore define the finite

set

Q; = {Z wy | wy € 4}, (8.2.7)
q

Hence, when z € X(Q), we have 0,(2) € ©; and so X(Q,)con 2 X(Q).

Remark 8.2.8. The function o;(z) is locally analytic [11, pp.6-10]. If X has sufficiently
many rational points, then one can explicitly express the function o;(z) as a power

series in every residue disk, and for each ¢ € €2; and each residue disk of X (Q,) find
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the roots of 0;(2) — ¢ to explicitly solve for elements of X (Q,)con-

The following theorem relates the local height of the Galois representation asso-

ciated to a point P € X(Q,) to a pairing with a divisor that is studied in [30].

Definition 8.2.9. Let z # b be a point in X (Q,). Define D,7(z,b) to be the degree

zero divisor on X given by D,7(z,b) := Z;|a — Zi|xxb — Zi|2xx-

Theorem 8.2.10. [9, Theorem 6.3] Let q be a prime and let z # b be a point in
X(Qp). We have the equality of local heights his*(z) = hq(z — b, Dyr(2,0)) for
z € X(Q,) and moreover h¥k(z) = h(z — b, Dyr(z,b)) where h is the Coleman-

Gross height.

Proposition 8.2.11. Let z € X(Z,) be such that z # b. We have —mD ,7(z,b) =
A,,

Lxx and —m[DZiT(z,b)] = [y (z — b)].

Proof. Write B = Z;|xxp and C = Z;|a. Then
DZ/_T(Z,b) = C — B — Zi|z><X~

Define A = Z; — Bx X+ X x B— X x C. Then we see Al,«x = Zil.xx + B —
C = —Dy7(z,b). Then by Lemma 7.1.3, mA is equal to A,, and the proposition
follows. [

Definition 8.2.12. Define py: N'— Q, by (Dy, Do, ) = hN*(Dy, Do) — .
Note that py does not depend on Z;.

Lemma 8.2.13. The function py vanishes on the image V(M(Z)) in N, and in
particular, on V(T;(Z)).
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Proof. This follows from Proposition 6.4.6. O]

In order to characterise the difference between X (Q,)geo and X(Qp)con, we will

use the following lemma.

Lemma 8.2.14. The difference Z(py) \ V(M(Z)) consists of all the points (D, E, x)
with D, E € J(Z,) such that

(a) D or E fail the Mordell-Weil sieve, or;

(b) the Mordell-Weil group is of bad reduction, and at least one of D or E does

not lie in the p-adic closure J(Z) of the Mordell-Weil group, and only lies in

1ts p-saturation.

Proof. Note that Z(pyr) is in bijection with J(Z,) x J(Z,). In contrast, V(M (Z)) is in

bijection with J(Z) x J(Z). By assumption, J(Z), C J(Z,)o is a finite index Z,-sub-
module, and therefore has p-saturation .J(Z,)o. Hence J(Z,)\ J(Z) consists exactly
of points failing the Mordell-Weil sieve and points that only lie in the p-saturation of
m and not in m itself. This can only happen if m is a proper subgroup of
J(Zy)o = Z3. A finite index Z,-submodule G C Z¢ is a proper subgroup if and only
if after tensoring with F,, the induced map G//pG — FJ is not an isomorphism. This

is equivalent to GG/pG — FJ not being injective. So the second condition can only

happen if the Mordell-Weil group is of bad reduction. O]

Definition 8.2.15. Let U C X*™ be a simple open set of X*™. Define ¢y; € Q; C Q,

to be >, hq(zg — b, D7 (24, b)) for any z, € U(Z,) with z, # b.

q#p "1

Remark 8.2.16. By Lemma 7.1.13, the previous definition is well defined and —mecy;

is equal to — Zq%log q, with V; as defined in Definition 7.1.12. Here we use the
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local height h,(D,FE) is (D + F) - E - logq where F' is the unique vertical divisor
on Xz, making D + F have multidegree 0 on X . Hence by (7.1.18) we have that
Yo jp: U(Z,) = Q, is given by z — hy(z — b, Agl.xx) — mey, and (¥ o j,)(z) =
(2 = b, Anloxx, hp(z — b, Ay |oxx) — mecyy).

Lemma 8.2.17. The function —m(o;(z)—cy.) is the pullback along Wojy|y : U(Zy) —
N of px-

Proof. Let z € U(Z,) C X(Z,) with z # b. By Theorem 8.2.10 and Proposition 8.2.11

we have that
—mhgqek(z) = —mhe(z — b, Dy7(2,b)) = he(z — b, Aa]:xx).

By [11, p. 12],

hq(z — b, AalzxX) =—((z— b) ’ Aa|zXX)q log ¢

where the right hand side denotes the intersection number of the divisors over Z).
By Lemma 7.1.13, this is equal to V;loggq.
Then

—m(oi(z) — cuy) = —m(hNek(z) - hpNek(z) — cui)

= h(Z - b7 Aa‘zXX) - hp(z - b; AalzXX) + mCU,i-
This is equal to

h('Z - ba Aa|z><X) - (hp(z - b, Aa|z><X) - mCU,i) =

pN(('Z - ba Aa|z><X7 hp(z - b7 Aa|z><X) — mCU,i)) - ;Q/\/(jl;(z))
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This last equality follows from Corollary 7.1.19.

Proof of Theorem 8.2.5. Let ¢ € §;, and consider the function

]

o; —c. By (8.2.7),

Theorem 8.2.10 and Definition 8.2.15 there is a simple open U C X such that ¢ = cy;.

Let jfl;?]’/i denote the map U — T;. According to Lemma 8.2.17 we have that

—m(o; —¢): U(Z,) — Q, is the composite

U(Z,) 225 Ty(Z,) - M*(Z,) 2 N 25 Q,,

identifying T;(Z,) as a subset of M*(Z,). Define gy, := —m(
first three maps in (8.2.18) are injections.

With this formulation we have

X(Qp)Coh = U ﬂ Z(gU,z)

U 1

Similarly, we can write

(8.2.18)

o; — ¢). Note that the

X(Zp)Geo = U mjb,U,i*(jb,U,i(U(Zp)) NT(Z)).

By Lemma 8.2.13, the set Z(gy,) contains

—~—~ % ——

Jvvi Geui(U(Zy)) NTH(Z)).

Therefore, we get the containment X (Z,)ceo € X(Qp)con-
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The difference X (Q,)con \ X (Zy)ceo is

U ﬂ Z(gua) \ Jows Unva(U(Zy)) NTH(Z)).

By Lemma 8.2.14 the theorem follows. ]

Section 8.3

Example: X,(67)"

We give an example of the implementation on the modular curve Xy(67)" of the
algorithms presented. The rational points on this curve have already been determined
[2] using quadratic Chabauty and a Mordell-Weil sieve, but we can also use the
methods presented here to show the following proposition about the rational points
of the curve in one residue disk. Magma [17] code that can be used to verify the
computations here can be found in [33]. Let X be a regular model for X(67)" over

5

the integers given by the homogenization of y?+ (23 +z+1)y = 2° —z in the weighted

projective plane P%l,fﬂ,l)‘ Then X(Q) = X(Z) and we show the following.

Theorem 8.3.1. The integer points of X(Z) that do not reduce to (1,4) € X(F;) are

contained in the set

{[0,-1,1], [0,0,1], [1,0,1], [1,—3,1], [1,—1,0], [1,0,0],
[4-T+0(7),6+6-7T+0(7%),1], [4-7T+0(7),3- 7+ O(7%),1],
14+2-7+0(T),5-7T+0(7),1], 1 +2-7+0(7),4+ O(7),1],

[1,64+3-7+0(7%),3-7+O(7)], [1,4- 7T+ O(7%),4- 7+ O(7*)] }.
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Remark 8.3.2. The residue disk above (1,4) € X(F7) has at least two integer points,
[1,—3,2] and [1, —10, 2]. Using geometric quadratic Chabauty modulo p*, we cannot
bound the size of this residue disk. After doing the necessary calculations, it turns
out 1m]7)(z) = im k(0,ny). In this case, applying [36, Theorem 4.12], since the ring
F,[n1,n2]/(g1,G2) =~ Fp[ne| is not finite, we cannot determine the solutions using
calculations modulo p?.

By increasing precision we are guaranteed a finite set of solutions in this residue
disk. In practice, this requires computing heights of points that lie in residue disks
at infinity which is not possible using current implementations of Coleman—Gross

heights.

We present the computations in a single residue disk over P = (0, —1) € X (F;)

where we show the following.

Proposition 8.3.3. The integer points of X(Z) reducing to (0,—1) € X (F;) are
contained in the set

{(0,-1),(4-7+0(7%),6 + O(7*))}.

By iterating the algorithm over the remaining residue disks, one can in principle
determine a finite set of p-adic points containing X (Q).

We first list some facts about this curve that will be useful in our computations.
The curve X is a projective curve of genus 2 with Jacobian J. We recall some details
about X and its Jacobian that are presented in [2, section 6]. The Jacobian J has
Mordell-Weil rank 2 and Jg has Néron—Severi rank 2. In addition, the only prime of
bad reduction of X is 67. At 67, the special fiber is geometrically irreducible: it has
one component with two nodes defined over Fgr2. Hence, there are only geometrically

irreducible fibers over every prime.
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Remark 8.3.4. For this example curve, all of the fibers are geometrically irreducible,
leading to a simplification in the notation used in the example compared to the
notation in the preceding sections. In general, one needs to consider a distinction
between J and J°, where J° is the fiberwise connected component of 0 in J. We
also omit the constant m which is the least common multiple of the exponents of all
J/JO(F,), with p ranging over all primes. Since J = J°, we have m = 1. Let X*™
denote the open subscheme of X consisting of points at which X is smooth over Z.
Above, we consider the simple open subschemes U of X®*". In this example, there
is only one simple open to consider: the scheme X*" obtained by removing the two

Galois conjugate nodes in the fiber over 67. Since X is regular, X*™(Z) = X(Z).

Let ¢ be the hyperelliptic involution of X. We list some rational points on the

curve that will be used in our computations:

P:=[0,-1,1], tP:=10,0,1],
Q:=[-1,0,1], Q= [-1,1,1],
b:=[1,0,1], b= [1, -3, 1], (8.3.5)
R:=[1,-3,2 WR = [1,-10,2],
ooy = [1,0,0], oo_ = [1,—1,0].

These points turn out to be the only rational points on X, as proven in [2, Theo-
rem 6.3] by a combination of quadratic Chabauty and the Mordell-Weil sieve.

Let p = 7. We first perform some local computations. There are 9 points on
X(F,). For each Fj-point = of X*", we need an element in T'(Z); ), or equivalently

an element in J(Z);, (). Every residue disk of X(Z,) contains an integer point; only
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R and R reduce to the same point. Therefore, none of the residue disks J(Z),, ) are
empty. So we cannot rule out any residue disks of the torsor immediately; in fact,
this calculation is a Mordell-Weil sieve at p, see [41, section 3.4] for more details.

This example presents the specific case of the residue disk corresponding to X (Z),
where P is the point defined in (8.3.5). Because we can consider residue disks up to
the hyperelliptic involution, this also gives us the analogous result for the residue disk
corresponding to ¢P.

Let j,: X®™ — J denote the Abel-Jacobi map with base point b defined in (8.3.5).

We also have a set of generators for the Mordell-Weil group J(Z) from the LMFDB,

Gy =[P —P], (8.3.6)

GQZ[P—FQ—QLP}

Since X is a modular curve, its Jacobian has an action by the Hecke algebra. To

describe the Hecke action on J explicitly, we fix the following basis for H°(Xg, Qk@)

{ de , vdv } . (8.3.7)

2y —ad—x—1 2y—a3—2x—1

We focus on the endomorphism given by the action of the Hecke operator 75 on 1-
forms of X. The Kodaira-Spencer map gives an isomorphism between H°(Xq, Q)

and S»(67)%. We choose a basis for S3(67)7 that is given by ¢g-expansions with rational
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coefficients, as follows:

g1=q—3¢" = 3¢" = 3¢" + ¢° +4¢" + 3¢ + O(¢"),

92 =q¢"— ¢ —3¢" +3¢" + 4¢° + O(¢").

Then we choose the model for X where “i}—“ corresponds to gl% and udv—“ corresponds

to gg%, by setting u = Z—f and v = qﬁ. This allows us to find ¢-expansions for the
monomials {v?, 1,u,u?, ..., u° u®} and use linear algebra to get an explicit equation

for the new model of X,
v? = 9ub — 140’ + 9u* — 60> + 6u? — 4u + 1.

Writing down an explicit change of model to the regular model, we can find the ¢-
expansion of the forms in (8.3.7) and compute the Hecke action on these g-expansions.
This gives us the matrix representation of the Hecke operator T, with respect to the
basis on (8.3.7). The trace of this matrix is nonzero, so we let f := 275 +3id: J — J.
The endomorphism f has trace zero and matrix representation

1 =2

(8.3.8)
—2 -1

with respect to the basis presented in (8.3.7). Using the work of [26], we can compute
a divisor Dy C Xg x Xg inducing f. The equations that define this divisor are given
in (B.0.1). Then Algorithm 7.1.2 produces the divisor A, that satisfies the properties

of Lemma 7.1.3.

We now use Algorithm 7.1.10 to calculate f(G;) and f(G2), where G; and G4 are
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the generators of the Mordell-Weil group of J as in (8.3.6).

Since J(Z) = J(Q), the divisor f(G;) only needs to be computed over the rationals
for i = 1,2. For example, applying (7.1.5) we get f(G1) = Ox(Dys|pxx — Dyl (p)xx)
and we can compute an explicit divisor f(G;) using the equations for D;. We find

that

F(G1) = =Gy +2Gy = [—(P—1P)+2(P+Q — 2P)] = [P+ 2Q — 3.P], (8.3.9)

f(Gy) =2G1 + Gy = 2(P — 1P) + 1(P+ Q — 2.P)] = [3P + Q — 4.P).

Furthermore, we compute ¢ = [—11G; — 8G3| using Algorithm 7.1.7.

We can parametrize the residue disk over P up to finite precision by

F, = X(Z/p*Z)s, v+ P, such that z(B,)/p = v.

We now find the trivializing section ¢ o A, following Section 7.2. By direct com-
putation the constant v from Proposition 7.2.2 is 0, hence the pseudoparametrization
¢ has codomain Zﬁ (instead of Zﬁ x @Qp). This computation is done using code from
the repository [4].

Since p > 3, by Proposition 7.2.2 the map po A : Z, — Zi is linear modulo
p. We will calculate j,(P,) and j,(P;) following Algorithm 7.2.4 and interpolate to

determine the map. What the following computations show is that

poAv)=(2v,0,6 —v) mod p. (8.3.10)

By Proposition 7.2.1, the image of the map ¢ o A is cut out by two convergent power
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series. Giving Zf, the coordinates (z1,x2, z3), we see the image of ¢ o A is cut out by
the equations g; = 0, g = 0 with g; = x5 mod p, g5 = 2x3+ 1 + 2 mod p.
Algorithm 7.2.4 relies on being able to compute Coleman—Gross local heights at
p and at primes of bad reduction. We first note that, since the special fiber of X at
67 is geometrically irreducible, the heights at ¢ # p are all trivial, and we only have
to consider the heights at p. Balakrishnan [5] has implemented Coleman—Gross local

heights h, (D, E) for disjoint divisors of degree 0 on a curve Y with a few requirements:
(a) the hyperelliptic curve Y': > = H(z) is given by a monic odd degree model;

(b) the divisors D and E split as a sum of points D =) . n;P;, E = Zj m;Q; with

Remark 8.3.11. Suppose that D = >, n;P; and E' = Divr + E' where E' = 3, m;Q);
with P, Q; € Y(Q,). Then

hy(D, E) = h,(D,E" + Divr) = h,(D,E') + hy(D,Divr) = h,(D, E') + log(r(D))

so we can also compute h,(D, E).

Therefore we make a change of model when doing computations on /. The even

degree model of X is given by
2

y? = g(x) == 2%+ 42° + 22" + 22° + 2% — 22 + 1,

where g(x) has a 7-adic zero =4+ 3-7+4- 7>+ O(7*). We can construct a degree
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5 model:

B = g(Ba’/(2' — 1)) - (a' = 1)°.

Letting co = 5+ 3-7+ 37>+ O(7®) be a 5th root of the leading coefficient of
g(Bx’ /(2" — 1)) we obtain an odd degree model over QQ, given by the coordinate

transformation from the even degree model

(2,y) = (co - 2/(x = B), B/ (x — B)°). (8.3.12)

Remark 8.3.13. Forthcoming work of Gajovi¢ gives a practical algorithm and code for

computing Coleman—Gross local heights h,(D, E) on even degree hyperelliptic curves.

We now compute for P the local height 1(j,(P)) = hy(P — b, Aa|pxx). Let B, C
be the divisors on X defined in Algorithm 7.1.2. One can check that BN P, is empty
over Z/p*Z for all v € F,, so we have A,|p,xx = Dy|p,xx +B—C; we denote A,|p,xx

by Ep,. Over the rationals
Ep, ~[0,0,1] — [-1,1,1] +2[-1,0,1] — 21, =3, 1] =: E},

with Ep, = Ep + Divgp, where gp, is computed explicitly as an element of the
function field and given by equation (B.0.2). By Remark 8.3.11, we can decompose
hp(P — b, Ep,) = hy(P — b, Ep ) + hy(P — b, Div gp,). We compute

hy(P —b,Div gp,) = log gp,(P)/gp,(b) =log(4/9) =7 mod 49.
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We also compute
ho(P—=b,Ep)=5-T+3-T+3-T+6- T +7 +5-7+2-7+6-7+ 0(7).

So, ¥(jo(P)) = 6 -7+ O(7?).

Unlike the Py case, the divisor Dp, := D¢|p «xx is not a sum of two p-adic points.
Instead we use the explicit Cantor’s algorithm [19, 66] to get a linearly equivalent
multiple which does split as a sum of p-adic points.

Let (uy,v1) be the Mumford representation for Dp,. Then using [66, Algorithm
Compose] we can compute (ug,vy), the Mumford representation for 2Dp,. Apply-
ing [66, Algorithm Reduce|] we obtain the Mumford representation (ug,vs) for the

reduction of 2Dp, along with r = (y — ve(z))/uz(x), satisfying the relationship
2Dp, = Div(uy,v1) = Div((y — va(2)) /us(x)) + Div(us, vs). (8.3.14)

Remark 8.3.15. Since the computations for Dp, were done on the regular model, we
need to change the equations to the odd degree model. The Mumford divisor for
Dp, is a sum of 2 points over a totally ramified extension of Q,. Using the equations
(8.3.12) for the change of model we can map the points to two points (z1,y1), (22, yo)
on the odd degree model and construct the corresponding degree 2 Mumford divisor
(u1,v1) vanishing on the z-coordinates using interpolation: u(z) = (x — z1)(z — x2)
and vy (z) =y2 - (x — 1) /(w2 — 1) + 11 - (x — 22) /(21 — X2).

Then 2Dp, is linearly equivalent to a divisor that splits into a sum of two points
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over the odd degree model. The splitting is given by {Q1, @2} equal to
{(469610 - 7+ O(7%), —15018865 + O(77)), (499647 + O(77), —14480684 + O(7%))}.
By (8.3.14) we have
2Dp, = Q1+ Q2 + Div((y — v2(x)) /us(2)) + 200,
where vy(x) is given by
— (462222 + O(7%))2® + (73804 + O(7%))z? + (1999391 + O(7%))x — 1649234 + O(7°)
and uz(x) by
(14 O(7*)a* + (1977884 + O(7%))z + 297368 - 7+ O(7%).

With the splitting in hand, we can compute ﬁ(Pl):

1
Shy(Pr=b,2Dp) + hy(Py = b, B = C) =hy(P, = b, B = C)+
1
§hp(P1 — b, Ql + QQ + 200) +

éhp(P1 —b,Div((y — va(x))/us(x))).

The divisor B—(C'is not a sum of points, but we have that B—C'is linearly equivalent

144



8.3 EXAMPLE: X(67)"

to doo_ — tb — 5@ + Div(gp, ), where gp, is given by (B.0.3). Therefore w(ﬁ,(Pl)) is

hy(P, — b, Dp, + B — C)
1
= §hp<P1 - b, Ql + Q2 + 200 + 2(4007 — b — 5LQ))

+ 5 og((y — ) (Py — b)/us(P, — ) + log gp, (Ps — ).
Then

loggp,(PL =) =6-7T+3-7+2-7 +2.7' + O(7°)
log(y — va) (P — b) Jus(Py — b)) = 7>+ 3.7 + 2. 7" + O(7°))

hy(Pp — b, Q1 + Qo + 200 4 2(doo_ — b —5Q)) =5-T+ 7> +4- 7+ O(7
P

So ¢(jy(Pr) =57+ O(7?).
Now we can calculate %(Pl) in the bijection ¢: T(Z,) e Zg given in Defini-

tion 6.6.1. We can compute this using the logarithm, normalized by the logarithm at

P:

log(Py — b) — log(FP — b) = (0,0),

log(P, — b) — log(Py — b) = (2- 7+ O(7%),0(7%)).

Hence we see ¢(j,(Py)) = (0,0,6) and ¢(j,(P;)) = (2,0,5). By interpolating these
values we get (8.3.10).
We now discuss the map x using formulas in section 7.3. We will show that the

map ¢ o k: Z2 — 73, which is by Proposition 7.3.9 given by two linear polynomials
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8.3 EXAMPLE: X(67)"

and one quadratic polynomial, is modulo p equal to

(n1,m2) = (n1, —ny — 2n9, —3n] — nyng — ny +ny — 1). (8.3.16)

We follow Algorithm 7.3.1 to construct the points of M* (G, f(G;))(Z) and
M*(Gy,¢)(Z) for i,j = 1,2 as in [36, section 8.3].

We work out the example M*(Gy, f(G2))(Z) here in detail. Recall from (8.3.9)
that we have G; = [P — (P] and f(G2) = [3P + Q — 4.P]. By (6.3.2), the G,,,-torsor
M*(Gy, f(G2)) is f(G2)*O%(G1). Since we want to work with the image in N, and
this representation of f(Gs) is not disjoint from G; over Q, we represent (G; by the
linearly equivalent divisor tb — ooy + oo — @ and f(G2) by the linearly equivalent
divisor 3(P — tP) + (P — Q). These divisors are not disjoint over Z because —:Q

and b intersect over Z/2Z so

h(P —tP,3(P —tP)+ (P —1Q)) = hy(th— 00y + 00 — Q,3(P —tP) + (P —1Q))

+ log(2).

We can compute (012, which equals

([P—tP],[3(P —tP)+ (P —Q)], h(th — 0oy + 00 — @Q,3(P —tP) + (P —1Q)).

This also equals (G1, f(G1),5-T+6-T2+6-7> 4+ O(TY)).
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8.3 EXAMPLE: X(67)"

The remaining @);; are:

Qu = (Gy, f(G1),2-T+5-7+0(TY),

Qun = (Go, f(G1),4-T+3- T +2- 7+ O(7")),
Qa2 = (Go, f(G2),3- T +4- 7 +0(7")),
Qo= (G1,¢,3-T+4-T+5-7+0(7)),

Q20 = (G, c,2-T+2-7 4+ 0O(7)).

Remark 8.3.17. In practice, since we will need to add Q;; in N' ~ J(Q,) x J(Q,) x Q,
we use the map log: J(Q,) — Q¢ for i,j = 1,2 and for j = 0, we store Q;; as
the vector (log(Gj), log(f(Gj)), h(Gi, f(G;))). This allows us to add in Q9 instead of
J(Qy).

We proceed to compute the bijection x: Zg — T(Zp)fb(ﬁ) of the integral points of
T modulo p?, as in [36, section 8.5]. The divisor j,(P) € J(F,) is equal to the image
of

/C\Trt = Gl +3G2

in J(F,) and correspondingly we define ep := 1 and egy := 3.

Let Gy and Gs be a basis for the kernel of reduction .J (Z) — J(F,). Since
G1 = —3G1 +7Gy, Gy =T7G1 + 4G,

we define e;; = —3,e10 =7, €91 = 7, €90 = 4.
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8.3 EXAMPLE: X(67)"

The map k7 is given in coordinates in N by sending (nq,n2) to

(T+TP+7P+0(M™) -+ @-T+0(T) g +5-7T+5- T+ 7+ 07,
6-7T+4-T*+3-T+0(M) - ni+G-T+0(T) ng +5-7+3- 7+ 0(7Y),
(6-7T+5-T+6-T+0(T) - n +(2-7T+2-7*+6-7 4+ 0(7),
(4-7T4+3-74+3-7+0(T)) ni+B-7T+3-7+0(7)) - ng+
4-7+2-74+0(7),
(4-7T4+6-T+3-7+0() - nf+(6-T+7+4-7+0(7TY) - n3+
6-7T+3-74+2-7+0() ni+ (T+7+0(7Y) - nat+

6-7+6-7+3-7 +0(7),

where we apply the logarithm to the first two coordinates as in Remark 8.3.17.

Finally, by [36, Theorem 4.10], the map k7 extends to a bijection

k: Zy = T(Zp); p) (8.3.18)

with image (Z)]fb(p). This map ¢ o k is polynomials (k1, k2, k3) € Qplx1, T2]?, with
K1, ke linear and k3 at worst quadratic. Applying Corollary 6.6.2, we obtain the
formula for ¢ o k given in (8.3.16).

We now have the tools to prove the upper bound on the number of points in the

residue disk # X (Z)p. We define
g1 = (po n)*ﬁ =-—n; —2ny, Gz :=(po /{)*E = n% — 2n1ng — ny + 2ng,

and A := F,[n1,n2]/(g7,92). The ring A is isomorphic to F,[ny]/(n2 —3ny) 2 F, x F,,
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8.3 EXAMPLE: X(67)"

so by [36, Theorem 4.12] we have an upper bound of 2 on #X(Z)p. Specifically, we
see that there is at most one point reducing to Fy, namely P itself, and at most one
point reducing to Py in X(Z/p*Z)5; the other P, have no rational points lying over

them.

Remark 8.3.19. If we calculate k and ]b with greater p-adic precision, we can compute
the point reducing to P with greater precision. This can be done by brute force, that
is, trying all lifts of the found solution n; = 1,175 = 3,v = 4 and seeing when any
of the calculated values of k or ij agree modulo the required precision. However,
there is a more efficient way. We can look at the “higher residue disks” X(Z,)p,
and T(Zp)jfb(&), consisting of points that reduce to a specified Z/p*Z-point. We
can parametrize X (Z,)p, with the map Z, — X(Z,)p, sending p to Pyip,. With
respect to our usual bijection ¢ : T(Zp)]rb(p) — Z;’), we get a bijection of the higher
residue disk of the torsor T'(Z,) A (1,0,2)+ pi;. Given these identifications, the
inclusion 7,: X "(Zp)p, = T(Zy);, p,) is given by power series that are linear modulo
p. Like in section 7.2, these can be found by interpolation. Similarly, x restricted

to (1+ pZp) x (3 + pZy) gives the inclusion r: T(Z); p,y — T(Zp) For these

Jo(Pa)"
identifications, k is actually linear modulo p. Solving the resulting affine linear system
of equations, we get that the only possible intersection of the image of x and of ﬂ, in
the higher residue disk T'(Z/p*Z) P = IFI?; is (5,1,5), corresponding to Py, with
p = 4. This is the point Py, € X(Z/p*Z)p,.

In total, we can strengthen Proposition 8.3.3 to say the residue disk X(Z)p is

contained in the set

{P(4-7T+4-T*+0(7*),6+6-7T+6-7°+0(7))}.
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Appendix A

Tables

We present tables of all hyperbolic triples (a, b, ¢) and admissible primes p such that
the curve Xo(a,b,c;p) has genus 0 or 1. The list with additional data is available
online [34].

To record p, we list the prime number p below p. We describe the group G =
PXLy(F,) by presenting ¢ and writing 1 in the PXL field if G = PSLy(F,) and —1
if G = PGLy(F,). We also record the information about the field E(a,b,c) and the
number of different prime ideals of £ above p.

Nugent—Voight [56] define an invariant, the arithmetic dimension adim(a, b, ¢), to
be the dimension of a quaternionic Shimura variety attached to A(a,b,c) given by
the number of split real places of E(a, b, c) of the quaternion algebra A = E(A®). In
particular, the triangle group A(a,b,c) is arithmetic if and only if adim(a, b, ¢) = 1.

One subtlety is that there can be an isomorphism between the cover coming from

a nonarithmetic group and the cover coming from an arithmetic group. This can only
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happen when the arithmetic group is of noncompact type, with

(a,b,c) = (2,3,00),(2,4,0),(2,6,00), (2,00,0),(3,3,0), (3,00, 0),

(4,4, 00), (6,6, 00), (00, 00,0)

by Takeuchi [68]. All of these arise from finite-index subgroups of PSLy(Z), so they
are related to classical modular curves, and are defined over Q. The ramification of
the curve Xy(a, b, ¢;p) for a,b, c € Z>9 U {oo} replaces any occurrence of oo by p (see
Proposition 3.3.5); this allows one to readily identify when this extra isomorphism
applies. We record this by adding (1) to the arithmetic dimension entry on the table.

For the arithmetic triangle groups A(a, b, ¢) such that A ~ Al the corresponding
list of curves is contained in [72, Tables 4.1-4.7]. We confirmed that the intersection
is in agreement.

Finally, for noncocompact triples see Proposition 3.4.1.
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Genus 0, Xy(a,b,c;p)

This is a long table split into three tables (over the next three pages).

(a,b,c) | p | ¢ | PXL | adim | E(a,b,c) | # of p

2,37 | 7| 7] 1 1 Q(A7) 1
(2,3,7) | 2| 8] 1 1 Q(A7) 1
(2,3,7) |13 13| 1 1 QA7) 3
(2,3,7) |29 29| 1 1 Q(A7) 3
(2,3,7) |43 (43| 1 1 QA7) 3

(2,3,8) [17|[17] 1 1 Q(V3) 2

(2,3,9) |19][19| 1 1 Q(No) 3
(2,3,9) [3737| 1 1 Q(No) 3
(2,3,10) |11 || 11| —1 1 Q(V5) 2
(2,3,10) [ 31| 31| -1 1 Q(+/5) 2

(2,3,12) |13 || 13| —1 1 Q(V12) 2

(2,3,13) 13| 13| 1 2(1) | Q(\i3) 1
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https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/6.6.371293.1

TABLES

(a,b,c) | p | ¢ | PXL | adim | E(a,b,c) | # of p
(2,3,15) | 2 16| 1 | 2(1) | Q(\s) 1
(2,3,18) |19 19| —1 1 Q(\g) 3
(2,4,5) | 5| 5| —1 1 Q(+/5) 1
(2,4,5) | 3 (9] 1 1 Q(v/5) 1
(2,4,5) [11][11] -1 1 Q(V5) 2
(2,4,5) [41][41] 1 1 Q(V5) 2
(2,4,6) | 5| 5| —1 1 1
(2,4,6) | 7| 7| —1 1 1
(2,4,6) | 13| 13| —1 1 1
(2,4,8) | 3| 9| —1 1 Q(V3) 1
(2,4,8) [17|[17] 1 1 Q(V3) 2
(2,4,12) [ 13 13| -1 1 Q(V12) 2
(2,5,5) | 5 || 5| 1 1 Q(V5) 1
(2,5,5) [11][11] 1 1 Q(V5) 2
(2,5,10) |11 || 11| —1 1 Q(V5) 2
(2,6,6) | 7| 7| -1 1 Q 1
(2,6,6) | 13| 13| 1 1 Q 1
(2,6,7) | 7| 7| =1 || 2(1) | Q) 1
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https://www.lmfdb.org/NumberField/4.4.1125.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/3.3.49.1

TABLES

(a,b,c) | p || ¢ | PXL || adim | E(a,b,c) | # of p
(2,8,8) | 39| —1 1 Q(v/8) 1
3,34 77| 1 1 Q(V3) 2
3,3,4) | 39| 1 1 Q(v/8) 1
(3,3,4) | 5 ||25| 1 1 Q(v/8) 1
(3,3,5) | 2| 4| 1 1 Q(V5) 1
(3,3,6) |13 13| 1 1 Q(V12) 2
(3,4,4) | 5| 5| -1 1 1
(3,4,4) |13][13]| —1 1 1
(3,6,6) | 7| 7| —1 1 1
(4,4,4) 39| 1 1 Q(v/8) 1
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https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/2.2.8.1

TABLES

Genus 1, Xy(a,b, c;p)

This long table is split into seven tables (over the next seven pages).

(a,b,c) | p g | PXL | adim E # of p

(2,3,7) | 3 | 27| 1 1 | Q)| 1
(2,3,7) | 41 | 41| 1 1 | Q)| 3
2,3,7) | 71| 71| 1 1 | Q)| 3
(2,3,7) | 97 | 97 | 1 1 | Q)| 3
(2,3,7) | 113 | 113| 1 1 | Q)| 3
(2,3,7) | 127 | 127] 1 1 | Q)| 3

(2,3,8) | 23 | 23| -1 1 |QW8) | 2

(2,3,8) | 31 || 31 1 1 | QWS 2

(2,3,8) | 41 | 41 | —1 1 QW8 | 2

(2,3,8) | 73| 73| -1 1 |QW8) | 2

(2,3,8) | 97 | 97 | 1 1 |QW8) | 2
(2,39 | 2 | 8 | 1 1 | Q)| 1
(2,3,9) | 17 || 17| 1 1 | Q)| 3
(2,3,9) | 73| 73| 1 1 | QM) | 3

(2,3,10) | 19 || 19 1 1 | QWS5) 2
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https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1

TABLES

(a,b,c) | p | q |PXL|adim| E |#ofp
(2,3,10) |41 41| 1 1 | QW5 2
(2,3,10) |61 | 61| 1 1 | QW5 2
(2,3,11) |11 || 11| 1 1 | Q) 1
(2,3,11) [ 23|/ 23| 1 1 | Q) 5
(2,3,12) |11 || 11| —1 1 |Q(W12)| 2
(2,3,12) | 37| 37| —1 1 |QW12)| 2
(2,3,12) | 7 49| 1 1 |QW12)| 1
(2,3,13) | 5 |[25] 1 2 | Q(\3) 3
(2,3,13) | 3 |[27] 1 2 | Q(\3) 2
(2,3,14) [13|[ 13| —1 1 | Q(\) 3
(2,3,14) 29|29 | 1 1 | Q(\) 3
(2,3,14) |43 |[ 43| —1 1 | Q(\) 3
(2,3,15) [ 31|31 ] 1 2 | Q(\) 4
(2,3,16) | 17| 17| —1 1| Q(\p) 4
(2,3,17) | 2 |16 ] 1 2 | QA7) 2
(2,3,17) | 17 |[ 17| 1 2 | Q(\i7) 1
(2,3,18) | 3737 | 1 1 | Q) 3
(2,3,19) [ 1919 1 | 3(1) | Q(\) 1
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https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/5.5.14641.1
https://www.lmfdb.org/NumberField/5.5.14641.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/6.6.371293.1
https://www.lmfdb.org/NumberField/6.6.371293.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/4.4.1125.1
https://www.lmfdb.org/NumberField/4.4.2048.1
https://www.lmfdb.org/NumberField/8.8.410338673.1
https://www.lmfdb.org/NumberField/8.8.410338673.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/9.9.16983563041.1

TABLES

(a,b,c) | p | q | PXL | adim E # of p
(2,3,20) |19 |[ 19| —1 2 Q(Ag0) 4
(2,3,22) | 23|23 | —1 2 Q(\s) 5
(2,3,24) | 5 | 25| —1 1 |Q(WV2,v3)| 2
(2,3,26) | 3 |[27] —1 2 Q(\13) 2
(2,3,30) | 31|[ 31| —1 1 Q(\1s) 4
(2,4,5) |1919] —1 1 Q(v/5) 2
(2,4,5) |29(29] —1 1 Q(v/5) 2
(2,4,5) |31][31] 1 1 Q(V5) 2
(2,4,5) | 7 /(49| 1 1 Q(V5) 1
(2,4,5) |61 61| —1 1 Q(V5) 2
(2,4,6) |11/ 11| —1 1 Q 1
(2,4,6) | 17|17 —1 1 Q 1
(2,4,6) [19]/19| —1 1 Q 1
(2,4,6) [291/29| —1 1 Q 1
(2,4,6) [ 3131 —1 1 Q 1
(2,4,6) | 3737 —1 1 Q 1
2,4,7) [ 7] 7| 1 1 Q(\7) 1
(2,4,7) [13]|13| —1 1 Q(\7) 3
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https://www.lmfdb.org/NumberField/4.4.2000.1
https://www.lmfdb.org/NumberField/5.5.14641.1
https://www.lmfdb.org/NumberField/4.4.2304.1
https://www.lmfdb.org/NumberField/6.6.371293.1
https://www.lmfdb.org/NumberField/4.4.1125.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1

TABLES

(a,b,c) | p | q |PXL|adim| E |#ofp
(2,4,7) | 2929 | -1 1 | QM) 3
(2,4,8) | 7| 7] —1 1 | QW3 2
(2,4,8) | 5 |[25| —1 1 | QWS 1
(2,4,9) | 17|/ 17| 1 2 | Q) 3
(2,4,9) [19]19| -1 2 | Q) 3
(2,4,10) | 3 | 9| —1 1 | QW5 1
(2,4,10) [ 11| 11| -1 1 | QW5) 2
(2,4,11) [ 11 11 =1 || 2(1) | Q(\s) 1
(2,4,12) | 5 25| 1 1 |QW12)| 1
(2,4,13) |13 | 13| —1 | 3(1) | Q(\3) 1
(2,4,14) [ 13 13| -1 2 | Q) 3
(2,4,16) [ 17 | 17| —1 2 | Q\g) | 4
(2,4,17) [ 17 17] 1 | 4(1) | QA7) 1
(2,5,5) | 3| 9] 1 1 | QW5) 1
(2,5,5) [31][31] 1 1 | QW5 2
(2,5,5) [41][41] 1 1 | QW5) 2
(2,5,6) | 5| 5| —1 1 | Q(W5) 1
(2,5,6) |11 || 11| 1 1 | QW5 2
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https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/5.5.14641.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/6.6.371293.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/4.4.2048.1
https://www.lmfdb.org/NumberField/8.8.410338673.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1

TABLES

(a,b,c) | p | ¢ | PXL | adim E # of p
(2,5,6) |19 19| —1 1 Q(V5) 2
(2,5,6) [31]31] —1 1 Q(V5) 2
(2,5,8) | 3] 9] —1 1 |QW2,V5)| 2
(2,5,11) [ 11 11| 1 4(2) |Q(W5, 1) | 2
(2,5,12) | 11 | 11| -1 2 | QHW3,v5)| 4
(2,5,15) | 2 [ 16| 1 2 Q(As5) 1
(2,6,6) | 5| 5| —1 1 Q 1
(2,6,6) [19] 19| —1 1 Q 1
(2,6,7) [13 13| 1 2 Q(\7) 3
(2,6,8) | 7| 7] —1 1 Q(V3) 2
(2,6,9) 19| 19| —1 2 Q(\g) 3
(2,6,10) | 11 | 11| -1 2 Q(V5) 2
(2,6,12) | 13 | 13| —1 1 Q(V12) 2
(2,6,13) |13 (13| 1 | 4(1) | Q(\s) 1
7.0 | 7|7 1 1 QA7) 1
(2,7,8) | 7| 7] —1 2 | Q(v2,\) 2
(2,7,9) | 2] 8] 1 3 | Q(\,\) 3
(2,8,8) |17 17| 1 1 Q(V3) 2
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https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/4.4.1600.1
https://www.lmfdb.org/NumberField/10.10.669871503125.1
https://www.lmfdb.org/NumberField/4.4.3600.1
https://www.lmfdb.org/NumberField/4.4.1125.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/6.6.371293.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/6.6.1229312.1
https://www.lmfdb.org/NumberField/9.9.62523502209.1
https://www.lmfdb.org/NumberField/2.2.8.1

TABLES

(a,b,c) | p | ¢ | PXL | adim E # of p
(2,8,10) [ 3 | 9| —1 3 | Q(V2,V5)| 2
(2,10,10) | 11 |[ 11| —1 1 Q(+/5) 2
(2,10,11) [11|[ 11| =1 || 6(2) |Q(V5, A1) | 2
(2,12,12) [ 13| 13| -1 1 Q(V12) 2
(3,3,4) |17 17| 1 1 Q(v/8) 2
(3,3,4) |3131| 1 1 Q(V?) 2
(3,3,5) | 3] 9] 1 1 Q(v/5) 1
(3,3,5) |11 11| 1 1 Q(V5) 2
(3,3,5) |19)19| 1 1 Q(V5) 2
(3,3,5) |3131| 1 1 Q(V5) 2
(3,3,6) | 5 25| 1 1 Q(V12) 1
(3,3,7) | 2| 8] 1 1 Q(\7) 1
(3,3,7) 13| 13] 1 1 Q(\r) 3
(3,3,9) [19]19] 1 1 Qo) 3
(3,3,15) | 2 | 16| 1 1 Q(Ai5) 1
3,4,4) | 77| 1 1 Q 1
(3,4,4) |17 17| 1 1 Q 1
(3,4,5) | 39| 1 2 |QW5,V8)| 2
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https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.8.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.5.1
https://www.lmfdb.org/NumberField/2.2.12.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/3.3.81.1
https://www.lmfdb.org/NumberField/4.4.1125.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/1.1.1.1
https://www.lmfdb.org/NumberField/4.4.1600.1

TABLES

(a,b,¢) | p | ¢ | PXL | adim E # of p
(3,4,6) | 5| 5| —1 1 Q(v/24) 2
3,47 | 7| 7] 1 2 | Q(v2,\) 2
(3,4,12) | 13| 13| -1 1 Q(V3) 2
(3,5,5) | 2 || 4] 1 1 Q(V5) 1
(3,5,5) | 5 || 5] 1 1 Q(V5) 1
(3,5,5) [11|[11] 1 1 Q(V5) 2
(3,6,6) |13 13| 1 1 Q 1
(3,6,8) | 7| 7] —1 3 | 44184321 | 4
G [T 7] 1 |20 ] Q) 1
B, 28] 1 ||201)] Q) 1
(4,4,4) [17|[17] 1 1 Q(V/38) 2
(4,4,5) | 3|9 ] 1 1 Q(V5) 1
(4,4,6) |13 ][ 13| —1 1 Q(V12) 2
(4,5,6) | 5 || 5| —1 2 | Q(5,v24)| 2
(4,6,6) | 7| 7] —1 1 Q(v/8) 2
(4,8,8) | 3] 9] —1 1 Q(v2) 1
(5,5,5) [11][11] 1 1 Q(V5) 2
(7,7,7) | 28] 1 1 Q(\7) 1
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Appendix B

Equations

We provide the equations used in the computations of section 8.3.
We give coordinates ((z,v), (u,v)) to X x X. With this notation, the equations
that define the divisor Dy are the following. The set of equations is presented in the

following five pages.

Dy :=[2" =’y —ay—y* —x -y,
u5—u3v—uv—v2—u—v,
11202%u* — 2068224 + 81242 u* 4 24072%°u? — 168942 43+
352792 8u* — 16412%u + 180922 u? — 6701225 + 81782 u+ B0
1025912 Tu* + 378220 — 584472 8u? — 17328321 Tu+ S
2164762 %u? + 774210 — 1424728 + 103331270
— 297137x1%u3 + 33474125 u* + 14582 — 311302 u+

1805142 %u? — 358567z u® + 360468z 4u* + 106052 + - - -
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EQUATIONS

— 903802 %u + 2901952 %u?* — 395289z u? 4 240873 3ut +
2041520 — 159334250 4 3945292 4u? — 4071002 30> + 4424822y +
2270125 — 11295924y + 418497x3u? — 49388721 — 1051122 u+
256062 — 11561123 u 4 1112652202 — 4175802 u® — 92961204+
109223 — 10352722 + 1451522 u? — 884902 %u® — 928112%u*+
4885622 + 186438z u + 2677212 %u* — 1556222 u® — 4539525 u* —
277762 — 1912952 % — 178159271 — 704892%u> + 169052 u*
619562 — 740592°u + 3782442%u? + 2328012 u® + 1597925u* +
7436627 4 3384722%u + 227589z u? — 746132%u® — 1601227 u* —
876752% — 1826722 u — 189206x%u? + 268022°u> + 251332 u*
8598927 — 4297625y + 1191602°u? + 38380z u® — 14569z3u* +
573692° 4 503762°u — 22878z u* — 26236x3u® + 56532%u!
196382° — 669592y + 101992°u? 4 77372%u® — 1185zu* — 18109z*+
338912%u — 10338x%u* + 126zu® + 90u* + 88942° — 138822 u+
33652u* — 189u® — 14932? 4 903zu — 105u* — 1762 + 18u + 4,
76050235844021760724962%u* + 2768486683241947883 742 u+
21624673980486986367002 u? — 6272554892698832692599x5 11> —
46264465676826337478282%0 — 11684467715868262016732° —
9165162915676858733619x v + 22417778405781371960642%yu—

84181410920080370718342%u* — 132928361850521444197622°yu? + - - -
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EQUATIONS

-+ 7540311235979813608942 v + 632890634371070363491525yv+
26151956285193252521912" + 18312627998014615072085y+
2756070458250784948869x5 + 154288573760108031538412° yu—
11784051570902048135703x5u? — 72308725389844996570932 yu>+
169121563687819668448992% + 87941342444610976976551°yv-+
133822414691271501964652° + 40824695823909245650472°y+-
21852540598540798087489z°u + 13245519579554143163167x yu—
22985066915160029536074x u? — 23255128704790712417887x3yu?+
136828221715604121856052°0 — 1657830204331706045502 yv—
69319023021661642062782° — 50834512590290724206192y —
118263504295692039518402 1 — 1919969951531181145221323yu—
284844846987450460756692°u> — 1769007671522226560248922yu>+
+ 17805473443696348827856x v 4 6752028083461404793783yv+
6675814886892603310402z + 557716177775135174090323y+
19969878692979973055652231 4+ 181201170634331357350832>yu+
936713375105971953531 221> 4+ 11466853454037386066020xyu>+
1054252397224219020972023v + 8824421921807720328364 2% yv+
118771608066718536728042> + 133639132471749030629532%y+
140594536526173404712472%u 4+ 102180578338932273566051yu—

3083617872452200324442u? — 5322779956111165805354yu? + - - -
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EQUATIONS

-+ 5505912629321680476560x%v — 4290695327689320279111xyv—
761290007562767220721522 — 143124466609995321496962:y+
44346400844379002849872u + 370488512883395538527 1yu—
993796068912520397282u? 4 57535042100777081983z v+
3829830430486931582408yv + 5885803647094172346013y+
960790192851544016507u + 281506727438003913980v+
113825130829311801917,
7901357140136684172112%u? — 521992516988893137882%u+
445626397822123380960x u? — 484065148072652139393xyu? —
3555897700178655696392% — 978395548011780780202° —
6783985660390369925392 " + 15519858639326348781825yu—
1130522648181315434792%u* — 8747651963076712124242°yu>+
50893236050896468243x v + 54980606846193242340525yv+
245852373764948827027x7 4 222973665578085376 76625y —
186006391998859651031 25 + 9181350209001898414692°yu—
5231507124342566705612°u® — 3289278227725900677292 yu’+
13888676427114547884422%0 4 8826846130810806210572°yv+
11427915467453523342162° 4 5337320045492780220102°y+
3944643531473448509142°u + 8745865642708965232362 11—

1503623861758469781638x u? — 111825687733012303679423yu® + - - -
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EQUATIONS

-+ 4 9622536170704238728342 v 4 2606754202879043774962* yv—
731085570498024566681° — 177841514864980758518x1y—
13579658739219141161062*u — 159533746801396364062213yu—
1882558303840937888797x3u? — 1293922634022119677492xyu’+
1390753692690189767706x"v 4 24643890801017127516823y v+
7936912222085839791042 + 4992232785142563827782y+
645256167770372257021 2% + 98478614500010759892922yu—
2807185246737495566972%u? 4 779933023636684223799xyu’+
8421894464944710654272v + 558551444022004233780x*yv+
9132418969942375934312° 4 12449633635513429496902%y+
7271177654600432079262%u + 1012441030923028187282yu—
21753359867708939458xu? — 34494210636062588896611>+
3530252002321705839362%v — 2110331219486239914552yv—
16387578568385021983222 — 617198754625174179093y+
5978301347283561228292u + 169901861802716830954yu—
82203224665107226192u> + 823104554307996190162v+
191169787322405231086yv + 34147539248793540575 1+
350318508927358217032y — 21028731891073941584u—

9558514495942700720v).
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EQUATIONS

Now we assume that v and v are elements of the function field of X satisfying

v? + (u® +u + 1) = u° — u. The equation gp, is given by

gp, :=118016503u" + 793929202u'® — 2478346563u” — 3325919630u°—
3561952636u" + 2886039937u’ + 5879367604u° — 3830171961u"+
75101411u® + 2188669692u? — 697370245u + 85830184)-
(338078160u** + 1369216548u™ + 2510230338u'* + 2713077234u' +
1318504824u"" — 3414589416u° — 135231264u® — 236654712u" —
6668591706u’ + 1850977926u° + 3220194474u* — 1293148962u°+
397241838u” — 8451954u) v~ ! + (375507055u'* + 718827791u'? — 5.0
1351825398u'? — 3390292268u'! — 67054831251 + 42915092u° — (02
3840900734u® — 10868247049u” + 12659952140u° + 12198614901 u° —
5503860549u* — 1083606073u® + 1748789999u? — 686641472u+
85830184) - (338078160u'* 4 1369216548u'® + 2510230338u '+
2713077234u'! + 1318504824u' — 3414589416u° — 135231264u°—

236654712u" — 6668591706u° + 1850977926u° + 3220194474u* —

1293148962u” + 397241838u? — 8451954u) .
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Similarly, the equation gp, is given by

gp, :=(9192u? + 11490u"" + 103416 + 1045591 + 116049u®+
189585u" + 24129u° — 6595261 — 335508u* + 291846u°+
135582u? + 34470u + 1149) - (17360u'* + 35588u'” + 403621+
23002u® — 18662u" — 161014u° 4 333746u° — 518630u* + 361088u®—
1085000 4 21266u — 434) " 'v~ + (—9192u™* — 2298u"® — 8043u'*— 503
118347u!! — 181542u™ — 351594u” — 2298u® + 689400u" — 13788u’— (09
476835u” 4 65493u? + 167754u” + 52854u? — 13788u + 2298)-
(17360u"* + 35588u' + 40362u” + 23002u® — 18662u" — 161014u’+
333746u° — 518630u* + 361088u® — 108500u°+

21266u — 434) 7.
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