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C will be a nice curve defined over Q
smooth projentive geometrically irreducible

Rational points
Goal A

g genus of C r MordellWeil rank of J Q Torsion 2
Finitely generated

Fix basepoint be Q and AJ G abelian group

Earlier results
Faltings's Theorem 83 if9 2 then QQ ax

When rag Chabauty 41 Coleman 85 If 932 there 9k
Today Explicit computations for r g

Heights and quadratic Chabauty

The padic Nekovar height function hz Q Qp decomposes as

hz.la Ihz.elQ
where hz Qe Qp

Facts For ftp.hze takes only finitelymany values

If ltp is of potential good reduction then hz 0

hz can be defined using intersection pairings on a regularmodel

hzelx x b DZ b x



hzp is locally analytic Methods for computing it
Balakrishnan Besser 12 Miller 14 BalakrishnanDogra 18 etc

A curve CQ has bad reduction at p if the reduction of
C mod p is singular

K finite extension of e C k smooth projective curve

2 correspondence given by a divisor D in Cxc

E K Dz b x Db Dlybyxc Dlexh.cz

regular model Dz b x CC divisor whose generic fibre is Dzlb.sc

hzelx x b DZ b x EQ
Finding explicit equations for a regular model is not great
working with these equations is not doable in practice
Even in a genu 2 come x.gg yztxzxtny xs x the equation

for D have degree 25

This has not been used for quadratic Chabauty
Abelian surfaces with potential quaternionic mult

Example Shimura curve Xo93 1was C y 2 4 6
3
5 26 1

14181 regular model for C 2
8 3 31

Theorem Balakrishnan Dogra 18 Quadratic Chabouty 40 nice 932
Assume that r g Let p be a prime of good reduction Let

Z C C be a trace 0 correspondence fixed by the Rosati involution
Respects the principa

Then there exists a quadratic function polarization

Nz Lie Jap Qp



for which Q is contained in the locus inside Qp cut
out by the equations

loyal hz.pk I

where R is the finite set

I Ephz.euel xeECCQ

Application BDMTV 19 Rational points on the cursed curve i3

nonsplit Cartan modcurve genus3
Note Xns13 Xs13

B has potential good reduction everywhere so hee o ftp
theychoose p17

Applications to Serre's uniformity conjecture for Galois representations
of elliptic curves

Computing local heights

Theorem Betts DR Hashimoto Spelier 24 Let CA be a hyperelliptic

curve 92 1 1 of genus g 2 Then there is an explicit practica
combinatorial method for computing hz where ftp 2

Def A split semistable model is geometrically reduced atworst double
points as singularities t every component is geometrically irred every

singular pt is krat tangentdirec singularptsare f rational



Reduction graph P Given a split semistable model C
Vertices irreducible components of the special fiber
Edges singular points of C

Examples C
E 8

did

Theorem Betts Dogra 20 K finite ext of Qe Clk nice

ZCC C correspondence of trace0 fixed by the Rosati involution
reduction graph of a split semistable model of C Then there is

a formula for hze k Q that uses

Z H 72 HIP
Tru Z ueV.CM 0 for genus components

hze CCK factors through a piecewise polynomial function hz.i.FR
with Laplacian

Vha Eeg te Mell dseltfptrrczl.de

V41 E flel Idsel I Em Difful dv
Ourmethod

STEP 1 Cluster pictures and Semistable
coverings

Split semistable
semitable in

the gidyanalytificationmodel for
mum

of canColeman

simplest conceptually computations



Theorem Betts DR Hashimoto Spelier 24 Clk hyperelliptic curve with

split semistable reduction given by y f x Then the cluster

picture of C gives an explicit semistable covering of can

Example C as before 1 3 i y deg 6 polynomial

o
modulo 9 y x 2 x 121 2 3 2

fio No

i iI ii i pi
I

1 DEP
P D p

STEP 2 Coleman Iovita isomorphism

Need to compute Z on Hill Z
Theorem Coleman Iovita 10 Darmon Rotger 17

The map

Holla R'd Hilt Qe
W I

4
ResAélw é

is surjective It is an isomorphism if every component of the dadic special
fiber has genus 0
Lemma The isomorphism behaves well wrt Z

We know Z on Hill Qe up to any d adic precision



STEP3 Bounds

Theorem Betts DR Hashimoto Spelier 24
Let Z be an effective correspondence of degrees di and da
Then

Z H T2 HMI has operator norm Vdt
wrt intersection length pairing

Then computing up to finite precision is enough

Examples
Shimuracurve

1a C y 2 4 6
3
5 26 1 Xo93,1 was

Exceptionally isomorphic to Xola t

RM multiplication by Ms

8 3 31

STEP 2 Obtain
0134

STEP 3 Correspondence has degrees 2 and 10 so we get a
bound of 16551 2 238 281

Apply to the B D formula

mod 3
hz x 3 2 2 mod 3

otherwise



o
has heigths equal to zero

C2 b x4t x t 9 4 Ext's RM by B

C
1 if fi
I I 1 prime

1 3 hzpkag.az
I mod

ftp 0 otherwise

1 5 a
2 0 mod s

I hz.sk9 2 mods

0 otherwise

Theorem BDRHS 24 The curve C has exactly 10 rational points


