







































































































The Jacobian
Juanita DugueRosero

Outline PreliminariesEllipticcurves lattices Riemann surfaces

TheJacobian Definition
TheAbelJacobimap Definitionandexample
TheAbelJacobiTheorem Sketch of the proof
ApplicationsRational points










































































































Elliptic Curves
curves

raofiongenupsa.tt
with a

Example E y2x3
Real glasses 1K Complex glasses D Cl

Yn

x Ek
lattice










































































































Abelian Group Structure of E
Yn Wedefine

0 Y 9 it

Pto We saythat E is an
Abelian variety

Applications Rational points

Cryptography










































































































Are Elliptic Curves Special
Can we define an Abelian group structure on curves ofdifferentg

Answer We cannot Elliptic curves are special9 Proteftionmpact

Solution We can define an abstract objectwhere
PtQ makes sense

z
I PIECED

Divisor of C

Better solution We define theJacobian of C










































































































lattices
Det A lattice is an additive subgroup of an if

generated over by 2h vectors that are s

linearly independent over IR

Riemann Surfaces
Defy A Riemann surface is a one dimensional complex manifold

Example S usingthe stereographic projection

C a smooth projective plane curve

D










































































































In this talk X will be a compactRiemann surface

Topological Structure bz.az

X is homeomorphic toµgFf via bi
a
b

ka Il kissHix.at an9zasiiatTx.ai

ai and bi are loops on X T










































































































Topological Structure Complex Structure

XEf.ITIfE jg.IfIII
We can take derivatives

X Holomorphictforin
Collection of compatible Wy where

It X 2 EspanzHailBiff QU V is a chart of X andWa fatal
TEs with f z holomorphic on V

aiandbi are 100ps On X
I GEspana w Wg










































































































Topological Structure ComplexStructure

We can integrateholomorphic 1 forms over homology classes

W Jaw

This iswelldefined by theTheorem of stores










































































































The Jacobian

acX
Rj l
she f H

Lattice
Example Jaccszj.gg

Period

Jade EE










































































































AC X RSanity Check J Il Hair ay
Is Jack an Abelian group
Yes xx 09

X 1 7Hwi Hwg

DoesJack tell us how to add PiQ P QElliot
Not yet Howdo we represent P andQ in Jack
We need X Jack










































































































Why periods
We try to construct a map X Cx

Idea p X X r

p Pi lw1 fypw

NmpII Notwelldefined po

Note frpw frpiw frp.plW is a period










































































































The Abel Jacobi Map
Det Let PoemaThe AbelJacobimap AT X Jack with

respect to Po is themapAJas before modulotheperiods

AJ X Jack
pi lwi sfgpwlt.tt

NoteAJdepends on Po
Question Is AJ injective










































































































Example G 5 111 2 111
2
2 ffX

cc E
deg21
pi x genusEriDElDCoDCD it

Acc dye Yo

Jac EVA 11 12 01220732 2










































































































C z.gs IExample Finding A

rf.iog.rIifi
tIi.dafxxa.iaoi

o

c o

to fIT Ii.IT a 2o6gi
4414612.066

TypeO r f 2.409 J 2.865 12 12.409,2865

73 4.146,2066
14 12.409i 2.865










































































































Example Computing AJ
C I po x o L o D G OD

a snEriDElDCoD aD it a
M2 I

fyjdf f.defitfadffTfn 0.869tl2O4i fyoxdIy2 2.4651 1.4321

Mz l

fyjdyxf.DEtfrfdn 0.869 1.2041 froighta2.465 1.432i

AMOB40.8691.2014 2.46511.432411 0.8691.2041246511.4321 14th

14 12.4091 2.865










































































































Divisors of X
DetThegroup of divisors ofX is

Div X np.IT PiEXllC npiE7L rEBo

Examples 3 1,0 o 10 1OD E Div S2

We can extend AJ to AJDivx Jack
r r

AJf npiH np AJ Pi










































































































Some Subgroups of Div X

DetThe subgroup of
divisors

ofdegree0 of X is

Div X Np ifIanpi o
DefThe subgroup of principal divisors of X is

PDiv X div f f X is meromorphic

Lemma PDivX EDivo X










































































































The Abel Jacobi Theorem
We consider the restriction AJO Div EDivX Jack

Independentof thechoice of Po

Abel'sTheorem Thekernelof AJ is PDiv X
Jacobi'sInversionTheorem The map AT is sorsective

g
O Div X is an isomorphism of

A ippv JacX complex manifolds










































































































Corollary Assume g 1 Then AJ X Jack is injective

proof P Q EXA AJ AJI ATTIPI Ao
3 fix 10 meromorphic such that

Abel'sTheorem
zeros f P with Mutt 1
poles ft Q with Mutt 1

F X ex sit HxI HI Q
We know F is holomorphic

f is an isomorphismF hasdegree 1










































































































Abel's Theorem AJoldivHD A
Step 1 F X One FG f xofhoetraw.PE Off

Step 2 8 does not pass throughany branchedpts

Qi Pole
Step 3 F 8 77ri D Ri Qi

Pi Zero

Step 4 ffyw JyTr w trace of w lisholo if w isholo










































































































Abel's Theorem ATOCHA D diva
Step 1 D hiPi Nito Find a 1 form w suchthat

whas simple poles at Piandnomorepoles
Resp.tw ni and Respcw o f PELPi

Jaw and Jbw are multiples of ziti

Step 2 Fix REXCl define f p exp Ipfw

Step 3 NearPi w itgCzDdz ftp.zniehlZ
holomorphic










































































































Jacobi's Inversion Theorem
Step I Fix Poexco Let et X Jack

p Pg AJPiPol

Step 2 Usethe Implicit FunctionTheorem peu VsElp

Step 3 For AER 09 FnEk s.t It Elp t

Step 4 D n71Qi Pil t gPo n Ri andAJ909Po TA

Jacobian matrix IIIfi IIL










































































































The Nordell Weil group
GoalTofind rational points on a Jacobian

Definition TheNordellWeilgroup of Jack lover is

Jac Q PET PEP for all ofGalad
NordellWeil Theorem11929 Jada is a EG Abeliangroup
JacQ1 E Jad torsion Ir










































































































Understanding theTorsion E
Elm PEE Imp 0 ya

AJ E Jade this

Then Elm T4mzxImz
We have the Kummer pairing if Elm CElQD

K Ela xGala Elm MQ p
P o l Qo Q










































































































Mordell Weil Rational Points

F xStys z5 Fermat curve of degree 5 genus 6

Theorem KlassenITzermias 97 Let H LK 3

FCK IFC 0
Main tool Jade Q E TH5kt










































































































Summary X compact Riemann surface

Jack n
cci.whk.ws

AbelJacobi map AJ X Jack
po.Qpoppt lwi sfr.su

AbelJacobi theorem Divx

Thank You
pTix

Jacxl


