The ‘Jacopian

oanita Duque» Rosero

OUHiY\Q'- © Breliminaries: Elligtic Corves, lattices & Riemann  sorpaces,
@ The a—aco\oian: De;i\niho\n.
@“\e A\O@\-JQCO\O.\ map‘- De;i\n'\*'\m(\ qno\ examp\e.

@ The Abel-dacooi Theorem:  Seekch or e DAO0E-
® App\icajr ons: Reitional poinjf S.



Ellighe Corves (C i R )
E/Xamp\e'- b: ‘51=X3~X
Rea gasses RGN Complex gloses D-C
4

A

.O )x g%
J
|t

artice




Abelion Group Hoctore of €

Aoplications: ©Rebional poirts
® Crgplography

\We d@gme
P+Q @R O

PQ and R are -&‘M‘L

WQ ay ‘HUA( b IS an
Ab@ \G\/\ \IGYle‘\V(A

&.io!@nJr(Jrg



Ae Elliptic Corves Speciall

Com we doging o A\oe\iaw group stuctore on corves of ciigfmvmjrg?.
AV\S\M@Y‘Z \Ne cavmolr. Eﬂipjﬁc Cunes  ave speaa\‘. ?{O;’eftipvpra&
So\u%o\n: We can degine an absjrra& o\q')eml whare
P+Q wakes sense: {Z[p] \ P.e C(@}’
) )
Vivisoy of C

%@J(Afer SO\OJV’\on: \N@ dQ/Q’\V\Q ‘H\IL ]G(doi an  of C



\.aH'ices

D&;, A lodtice s an (]D\O\'\JYNQ su\ocavoup Of c, - - o

%@A@Xasfw\ over 7. \a?r M vedors  that ae T
linearly dependent over K. o '

Riemann &)V(:aces
\ZQ_LA Qiewuvm Sulftce s a one dimensional Complex  Manigolol.

2
ELKNM-PLQS" @ S : ) US(V‘@ the 5¥9X20<3mp‘l\'\o ‘)(o(')@ojriov\.
@C, o smooth prective  glone  covve.



AIV\ H\S {'a\ \Nu \OQ a Compa& Q'\Qmavm &)rgqc,Q,

‘I—O O|09|C0\\ Slrmc*ure b e

Qg 1 -colls
2-cell

CW - complex ..'///
X'is homeomovphic ol 1 ol yia by

W (X, 7) = spany Jfod [l | e <] &

Basis tor t(X2)

Q& and by are \oops on X/ %A@ E



TZ)PO'oglca\ Slrmclmre I COMP\QX Shoc‘rure
CW - compiex \Na can jras(@ \\de\(walrwes !
(‘J gg@‘\sj ////////// ‘(x)={gto\owpu.¢m on XY

1 2-cel

\IZ

C“ed"ton of COW\pO\Jﬂb\Q UJ(P, whove

u (X Z SPQV\‘Z {{a] [b l (Q:U%\/ s a Onart of X and WQ:J;@O\%/

\ Basis 1 i £@) Yolomorphic on V.
aiand by ave loops on X. E
Eﬂ‘u\gsmﬂc{w.,---,wg},



bpdogical Stroctor+ Complex Shchore

We can imtecbrajfe \no\omorP\nio '\'\:OWV\S owr \nomo\ogg closses

W ::j W .
(] C

T\/\'\s N WQJ\\ ch(Jneo\ \09 '“\e’“r\eorem of ijoms.



The Jacobiom

Jacl:

Exam\&: Odac (82 = {0}
Obc)-Ya 2 E



Sonity Check Jacl: {Sm - %}

@Is jaL(X) on Ab&\iaw (3@097.
Ver ol = ]
2/ (7\ W),... ,MUOQ»
@DDQS JaclX) el o5 how o odd P*Q, % QeX(C)1
Not gbjf | How do we vepraggnt Pand Q in Jacl) 1
We weed: X Juc(¥).




Why periods !

We ‘\'Yg JFO copshioct @ AP >< —%_ﬂj (3()*
X o
| X 0%
e \jg.P PH(WH@P"")

%o

o
/N N ok well degined. ?Q?? v

Note: S{PW B jx?‘ W= S}{P—XS Voois pen'od l




The Abel-Jacoboi N\O\p

Dop Lot Poed(@).The Mool Jocobi wap AT X—>Tcl) with
Y?/SPQL* Yo Po s the wap P{S as leefore madolo He pev‘\oAS.

AJ : >< — jac@
P (w—] w) + A\
Note: K) depends on B, B
Queslyion: Is M 'm:\ec)ﬁ\le?.



Cxample: G2y =x0¢-)(x"-2) = (%)
C uy) XX § b, b,
T @

Vi
‘p‘ X ; ' ' t — o
B2 Bed] o0 [: [0 9 9@7“.)5 2

Q'O =<{%%)

2
T 2Yn DNANZONZONZONL.



Examp\e Findling Z\ [ Tooooe

[F][\] 0 i \‘X’
©:0:1] j = +S 'Ol N4|46| o
5 N £

[0 S'(&AL ? xdx ‘
> U0 "S-‘-W&“T M

— = O\X
5 2409, S(;T:Z'%B No= (2404, 2.365)

W= (416l -2.0661)

V3=(4.146 ,2.060)
Na=(24091 -13691)



Txample: Computing AJ

Cpooooo Qjoo‘[oxo] D= [no]

‘P' ERI 0] 00 0 G % TS \ff‘\
dx | 2x _ XX _ + 14321
S —%—-S P(X +&/\\r——\ Ogéq‘\'\()-O'{‘l Soﬂ 2465
P Ax
dx _\" dx | _dx N pgeq- |.204i X XTZ -9 A5 - 1.4%))
ool o] n

A‘J( [\ .0:1) :(—O.%CH'\,'IOQ ;" LALS +|.432\) + A—‘-(‘O.%C\-l.')ﬂﬁ, .7_.495“.4313) M+ A

(3\4‘«("2405{1 /—2.%67))



Divisors of X

Q@;. The grovp  of divisors of L is:
DiV (X\ "= {‘Zl Y\PXP‘] \ PAQX((B), V\Paézl YGZZO}

Examol: 3[(,0,0]=[(0,-.9] € Div(§*).
W@ can exkrev\ci Pﬁj Yo Aj D (%) — Jac (%)

A (i. Y\"m) "'Z No, AT (P)



Jome Jubgroups o Div(X)

DQL T\r\e SUbgrouP s divisors o dagr@eo of X s
D’ ()= {Z0P o

Doc. The sogap of  principal divisors o X is:
PO = {dile) | 5% et

Lomma: PO € D’ (X,




The Abel-Jocdoi Theorem

We conside fhe restiiction  AD: Di° (x)2 Div(x (X) — JaclX)
(imdeemdejr of Hho choice o )

/\\od\s T\(\QOYQM. The vemd o ASO i PDw (70
JOCObi\S IﬂVQYS'IOV\/“\QOYQM . TM map A]O iS soqeojﬂ ve.

S on isomofphism of

A/(y DN Q) >JGC (X) comiplex manicolds




CQ_Q“QI%. Assomz g?i.Tken AJX—?}\@()O IS inJecjfive.

ocor P, 0 eX©. KI(P)=AT(0)=>AT (IPHAko

\ 3 ¥ X=>0 merowxorphic such -Hnajr
M‘XAS TNOYEM = Zeros ()= P (with wwit. A)

poles (M= (with wmoulk. A)

=>FoC sk F- {77

\NQ/ LNOW: -F is \(\o\omow\\ic> F is on ‘\gomorp\nism—»e—

- \ag dQ;gYQQ, A



Abel's Theorem @: AT ldiv(§)= £\

x Vot
o b FN G, B (D i o

S\'Qp ): é} / ¥ does ot Pass ﬂwoug\n any brancred ol

d '. PO\@ d

81\69 2 F*X=Z\"t Q,._\. D:Z(Pr(;);)
= ¥i P 2ero = 1
X

M@P 4: \:*Kw BXT—( (w)é/o Hace Of W (15 holo. i w is hdo,)



s Theorem @ AJ' ()= A=>0-dw(i)

'k&srep A D:?:ﬂ'.p'\, n#0. Find a /\'{:orm W such hat:

* 10 has simp\e po\es af Pi and no wore poles/.
° QQSP;(W) = OY\A QQSP(\M) =0 —V‘ P¢ )Lp\}/

'Su,w and \b.w ave woliples of 2Ti,

8%/? L. ‘FN OEX((Q O\Q/{'W\Q F(P) = QXP(SP >
S\rep 5 N@o\{ P,/ W= &m’rﬂ(%))o\% :__> Je(z) n \n(2)

l/\o\omor Phic.



SOCO\O\\S Immion ﬂr\eorem

oo 1 Fix P6XQ). Lot &2 ¥9— Jac )
(P Pa\HZAJ(P P

*pr L Use Jﬂ\e IW\p\icijf Foﬂcjr{ovx T\I\Qolm PEUC——'»\‘ 3§ :

Sep 3: For (Xeﬂ(x) "’(Dj JneZ st EQ=-I0)+ .
flop 4 D= nZQ-P) +9P 7300 and ATO9) KA

Tacdoian wthvix (‘%M %@)

= (o) ¥ 22 (09)



The Mordell-Weil group

(Boal: To cird rational points on o Jocobian.
{l@mm, TV\Q Moro\e\\-\(Je'\\ (aYOUp oL J&C(?O (ovex ®) is:
Joc (@)-{9€T1 9P sorall el |

Mordal-Weil Theorem (19241) Jac() sa FG. Abelian grovp
Joc (@) & Jac (@) © Z



Onderstanding the Torsion (E)

Elm]:= {PEEQ\W\P«O} 1,

AJ: E==Tac(®)2 V) - g Y

Ten Elml & Ly« L/ '

We love the  Kommer paiving (i £l CE(Q)
K E(Q) xGajg — Elmd mQ=D.

(P, o) —Q@-Q



Movol@\\'\l\,e'\\ + Rafional Poiets

F: X%(f:zs, Fefmcxif Ve of o(agree 5 (g@nus 6).

Theovem (Klossen 3 T2ermias, ) ek Ko, K:6l3
FQO\F(®) = ¢

et ool T (P)@ = (Z/s2)



SUW\W\GYS y Compact R\emam SOrFOCe.

UO\C/( ) /{U Wi § o]

Noel “dacobi Mop® AT: X —TJoc (x)
Yo '\/\’ % D r— WHS\(P )

A\%\ -]aco\oi TI\QOY@W\ Div” (X = UO\C(X)

Thank Yoo! o




