
 

2 2 p adic heights on Jacobians

Of Curves
Thanks to Grant and
Sachi Hashimoto

1 Why
We can use p adic heights h Di Da to
study integral points

Theoremhm Suppose 2
corollary230 fix E7L x monic andseparable degf 2gH

U Spect 5kg2fad
X normalization of the projective closure of
the generic fiber of W
Ji JacX rkJ Q g
p prime of good reduction such that

dQ1 Qp ATX p r't
Then there are computable constants dijEQp s t

n
g.fi jwify

Vanishes on U Z Yp
Main idea of the proof decompose HP x P x in

two ways

Algorithm Input X Q as in the previous theorem

2.31 OutputThe set of integral points on X



2 Definition

Set up
X nice curve of genus g I

p prime of good reduction

Fix the following
a branch logp Qp Qp

an idek class character X Ht Qp
continuous homomorphism that decomposes
as a sum of local characters

A splitting s of the Hodge filtration
on H'arX1Qp such that kerb is

isotropic with respect to the cop
product pairing

A basis for A'dr X two ywzg.it

with two Wg i EH9X p r

A lift of Frobenius



Definition The cgolotomic padic height pairing is
ColemanGross a symmetric bi additive pairing

Divolx xDiv9x Qp
Di Da l h DiDz

Such that Disjoint support

I HID Dz I hold Dz to
finiteprimes

hpDiDa te held
Dz

1k te.FM ogpl
Coleman integral IQ Intersectionmutt

2 For BEQIXY we have

HD dir B 0

Note Part 2 implies that the induced pairing

hJCQxJiQ Qp

is a bilinear pairing



3 hp Di D fawn

Construction of WD

1 pg
Differentials with at most simple poles and

integer residues

ResiTlQpJ
sDiv4x1w1

sgIo

esplwDP.Iinduces

O HYXap.nl sTClQ RessDiv9x

soWDETlQp and Rees wa D

Effingham X hyperelliptic curve yEfCx D P Q
where P and Q are non Weierstrass

points Then

w 197.4 IIHF or

A we 197,4 t.tt Itn
where N is a holomorphic differential



Fix Move to JClQp

TeQp I I f EQpCxI Restaff divf

Then Te Qp A HolXap 1 0 and we get

HolXap TtQ EsJClQp so

In set up we fixed a splitting s of the Hodge
filtration on H'arlXlQp such that kerb is isotropic

with respect to the cop product pairing

Let Niekerk EH'drCX Qp

Then there is a cannonical homomorphism

YiTCO.pl TellQp sHd'rlx

such that
4 4 is the identity on differentials of the 1stkind
2 4 sends 3rd kind differentials to 2nd kind modulo
exact differentials

Given DEDiv9 1 WD is defined as the

unique differential of the 3rd kind with

RestoD D and flop EW



Algorithm Input Di Da EDivTX
2.22 Output hp Di Dz

i let weTCQp with ResCw D
2g I

G Compote Qcw E ai wi E H'dr X
i O

29 1

Wp W E ai wi Us'phrododoctFP

i I

Compote the Coleman integral

WD



4 held Dz ftp

Given X and D DzEDivCx with disjoint
support we define Di as an extension of Di
to a regular model X of X e such that Di is
has trivial intersection with all vertical divisors
Then me

held dz lDi.DDlogpCl
Intersection
multiplicity

14
Speck



5 1 Why

Algorithm Input X Q as in the first theorem
12.31 OutputThe set of integral points on X

1 Di DgEDiv9X basis for d a Ql
Compute h Di Dj
Another basis for J Q Q is

fate 1feta where filp JoPwi

Solve for Lkl
h Di Dj

g
facDilfelDjttfelDilfaDj

2 Compute wi for Osi Eg l
This is wi U wj dij

k 97 x

3 Expand 0ft 2 Jwi wi as a power series

in each residue disk D not containing x

Compote at Ip point PED OCP and a local
coordinate 2p at p



4 Use intersection theory to compute the finite
set Se of all possible values of

heft x Z x

forybyadmprimsukand
integral XCQe

Obtain a finite set SEQp s t
2 points help x D a ES for PENIGID

5 Expand pcztOEI oIZ.gg iiJ wi fwj in

each residue disk set it equal to each
value in S solve for all 2 E Utep such
that PCHES
let be the collection of such points


